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0 Markov-Bernstein inequalities

© Markov-Bernstein inequality in inner product spaces.
© Hermite weight

Q@ Laguerre weight

© Jacobi weight
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Markov-Bernstein inequalities.

A.A. Markov On one question of D.l.Mendeleev, |zvestiya Peterburg
Akademii Nauk, 62 (1889), pp. 1-24, (in Russian).
For any polynomial Q, deg @ < n one has

Q1 < 7°l1QII 1,11

where
1Qllc[-1,y = max _|Q(x)]

—1<x<1

The constant n? is sharp (Chebychev polynomials).
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Markov-Bernstein inequalities.

S.N. Bernshtein On the best approximation of the continuous functions by
means of polynomials with fixed degree, Soobsheniya Kharkovskogo
Matem. Obshestva (1912), (in Russian).

For any polynomial Q, deg @ < n one has

1Qlca)y < nllQllc(a)

where

IQllcqa) = max Q)

The constant n is sharp (Q(z) = z").
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Markov-Bernstein inequalities. General setting.

Let P, be the set of polynomials of degree at most n, X be a metric space
and for any n, P, C X. For a given n find the sharp constant in inequality

Q' |[x < Mal|@Q|x, degQ <n

Many generalizations and applications of Markov-Bernstein inequalities are
known.

G.V. Milovanovi¢, D.S. Mitrinovi¢, Th.M. Rassias, Topics in polynomials:
extremal problems, inequalities, zeros, World Scientific, Singapore 1994,

Recent applications: Markov-Bernstein inequalities are primary tools to
prove approximate degree lower bounds on Boolean functions.

M. Bun J.Thaler Dual Lower Bounds for Approximate Degree and
Markov-Bernstein Inequalities, arXiv:1302.6191v3, 22 Mar 2014
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Markov-Bernstein inequality in inner product spaces.

Suppose X is an inner product functional space, with inner product (f, g).
Then one can construct the sequence of orthonormal polynomials 7, such
that (m, 7)) = k1, k,1=0,1,2,.... In this case one has for any Q € P,

Q = ugmo + WL + ... + UpTy, HQH2 = ’Uo‘z + ‘U1‘2 + ...+ ]u,,]z
Q' =vomo+wvim + ...+ vp_1mao1, ||QP = ol + (v + .+ [vaa[?

The sharp constant in Markov-Bernstein inequality is

Q/||2
M2 = sup H
" deg@<n ||QI12

It is sufficient to consider the subspace with ug =0
(luo|? + |ur]? + ... + |un|?> > |u1|? + ... + |un]?). In this case the linear
transformation (u1, w2, ..., up) — (vo, vi, ..., vo—1) is bijective on R".
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Markov-Bernstein inequality in inner product spaces.

Denote by A the matrix of transformation v = Au, u = (u1, U2, ..., up),
v =(vo,v1,...,Vp—1). Then one has

Au
M,,:supH “:HAH:\//\maX(AAT)
20 ||ull

u

The matrix A (matrix of differential operator in the basis of orthonormal
polynomials) is crucial in the study of the sharp constants in
Markov-Bernstein inequality.

Remark: In some cases matrix B = A~! is more appropriate to use. One
has
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Markov-Bernstein inequality in inner product spaces.

Summary

ONP basis Ty in X : (7Tk,7T/) = 5/(7/, k,/: 0,1,2,....
VQ € P, take

n—1 n—1

Q=) uwm1, Q=) ymk

k=0 k=0
Define A: y = Au, u= (u1,...,us), y = (Yo,.--,yn-1) or B=A"1.
Then
||A

ul| 1
sup = [[All = \/Amax(AAT) = ——ees
u#0 ||U|| \/T \/)\min(BTB)

M, =
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Inner product

+oo
(fg)= [ fxge " ax

—0o0

Polynomials 7y are orthonormal Hermite polynomials. The following
relations are known

T =V2k me_1, k=1,2,3,...
In this case matrix A is diagonal
A = diag(V2,V4,...,V/2n)
Therefore the sharp constant in Markov-Bernstein inequality for Hermite

weight is M, = v/2n (E.Schmidt, 1944)
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Laguerre weight e dx

Polynomials 7 are orthonormal Laguerre polynomials. We have

1 1 -~ 0 0
1 2 .- 0 O
B"™B=| ... ... ... ... ...
o o -~ 2 1
o o --- 1 2

Characteristic polynomials is perturbed (co-recursive) Chebyshev poly.
Dp=AN=2)Ap1—Dpo, A1 =A—1,0,=X -3\ +1

For the eigenvalues of B B, one can obtain

T o (2 —Dm .
)\J(B B):4S|n TH,J:].,27...,”
Therefore 1 )
n
M=——=—11 1
" 2sin 4,17;2 T [1+0(1)]

P.Turan [1960]
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Generalized Laguerre weight x“e *dx

(67 51 0 0 0
f1 a1 P2 0 0
B'"B=1| ... ... ...
0 0 0 ap-2 Bn-1
0 0 0 Bn—l Qp—1
where ag = (1 + ), ax = (2+ £57). BZ=1+% k=1,2,...,n—1.

Characteristic polynomials A(\) satisfy the recurrence equation
o e
Ay=AN=-2—)Ak 1 —(14+—=)Akn, k>2
k k—1
with initial conditions

3
Ar=\—a-1, A2:)\2—(3+§a))\+(1+a)(1+%).
Polynomials Ak () are orthogonal with respect to some measure with the
support on [0,4]. Therefore one needs asymptotics of this sequence of
polynomials in the neighborhood of the point 0.
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Generalized Laguerre weight - Asymptotics

g (0%
k k—1
Let go(\) = An(N)/An(0), X = h%, nh =z, g = gn(h?).

Ak:()\—2— )Ak_l—(1+ )Ak_g, k>2

We check A,(0)/Ap41(0) =1+ 0(L) then n— 00, z€ K € C

1

Ons1 =208+ Gp1 20 dn1 —dn 1
n

h?2 z 2h
It can be proved [Apt., Sb. Math. 1993 76 35-50], h—0

L gh = o

)

22 1
(%) =@ [1+o()] k) = 2T+ 2)

where J,(z) is the Bessel function, v = 251,
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Generalized Laguerre weight

Theorem: let v = O‘Tfl Then one has for the Markov-Bernstein best
constant for generalized Laguerre weight

M, = Z—”l 1+ o(1)]

where z; is the zero of the Bessel function J,(z), nearest to the origin.
In particular, if « =0 then v = —% and z; is the zero of the Bessel

function
27
J_1/2(2) = - cos(z)

nearest to the origin. One has z; = /2

A.l. Aptekarev, A. Draux and V.A. Kaliaguine , On asymptotics of the
exact constants in the Markov-Bernshtein inequalities with classical
weighted integral metrics, Uspekhi. Mat. Nauk, 55, (2000) 173-174;
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Jacobi weight

Inner product

1
()= [ F(gl)(1 - )" (1+x)°dx

-1

First known case. Legendre weight « = 5 =0

1
(ﬂgr:/languwX

E.Schmidt [1944].

@37 L o) = ™ 1+ o(1)]

M, =
n A7 s
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Jacobi weight

This case requires more deep results on local asymptotics for the
polynomial solutions of recurrence relations.
First step. Generalized eigenvalue problem

Ay = ADy,

where the matrix D is diagonal and matrix A is five diagonal. To find an
eigenvector y one has to solve a five terms finite difference equation (FD)

MYk = akyik+2 + biyks1 + ceyk + diyk—1 + ekyk—2,.k >0

with initial and boundary conditions

y-1=y-2=0, Yn=Ynt1=0. |
Here all coefficients ay, by, ck, dk, ek, fx of finite difference equation are
rational functions on k.

M3 = A0

n min

(A,D),

where Apin(A, D) is a root (with the minimal modulus) of the equation
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Step 1 tools

: ,5)( ) = kP(0f+1 5+1)( )

)

a+1,8
plesd) _ pla+lp) 2n(n + B)PLTEA)
(2n+a+l8)(2n+a+/8+1)7

@,8))12 (a.8) p(a.B) 2ntats—1 M(n+a)l(n+ B)H(n+ o+ B)!
1P = (P2, Py = 2 Cn+a+8)!2n+a+ B+ 1)
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Step 1 summary

Thus we have (A - 5 diagonals, D - 1 diagonal)

M3 = A

2=\ L(AD),
where Amin(A, D) is a root (with the minimal modulus) of the equation

det(A — AD) =0,
and correspondingly the eigenvector y

(A — A\minD)y = 0.
It gives a 5-term recurrence relation

[(A-XD)y], =0, k=0,...,n—1,
with boundary condition
y-1=y2=0,  Ya=yp1=0. "
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Step 1 the result

(2k + o+ 5 +1)!
=: k=0,...,n—1.
Yk Xk 2k(k+a)|(k+ﬁ)' ) 07 , N

(k+2)! (2k+a+B) (k+a+ptl)l (k+1)! Rk+a+B—1)1 =
Xk+2 (k=2)1 k+atB—3)I (kratf—-1)] — Xk+1(k=2)l 2ktats—3) =1 T

- k+1)! (2k+a+p+4)! (k+a+pB k+1)! (2k+a+B+4)! (k+a)! k+8)!
Xk (—2 —A gk—zgi §2k+a+5_3§! ( Z )> + Xk—2 gk—1;! E2k+a+ﬁ+1§! (k(+a—)2)! (k(+5—)2)!

+ X1 BB (kK2 = 1)(k + ) (k + B)(2k + o+ B = 1)(a + B — 2)(a = B),

where

4

k + K1+ a+B)

Zi=(ktatp)k+atB+3)(atf-2)(a-h), =7

2 2
+ k2 2a+2ﬂ+20¢2-29—30¢5+2[32+1 + k (1+a+ﬁ)(a2 toBiB) + 00475(1)'
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Jacobi weight Matching a DE

It is more convenient to work with first order difference equation for a
vectors Yi = (Vk—2, Yk—1, Yk> Yk+1) | Which can be written in the form
Yiio — Y
% - gM(k,A)Yk, k>0, Yo=(0,0,C1, )T
n

Second step. We choose an appropriate scaling and go to the limit in
(FD) to obtain a system of differential equations (DE).

Scaling: A = %, % — t, n = 0o. System of DE has a general solution
}/(tvz) = (yl(tvz)’}@(ta2)72ty{(t’z)a2ty§(t72))T
where y;(t, z) are a linear combinations of Bessel functions J,,(ﬁ%z) and

Y, (Vz5)
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Jacobi weight Step 2 more details

V=0ny2y3y8)" ¥(t,2) = lim Yk(/\)’

%%t A=z/n*

d 1~ . ~ . z
ay(t, z)= ?M(t,z) y(t,z), M(t,z) = %ITtM(k’ F) ,

where
0 0 1/2 0
VITR 0 0 0 1/2

M(E2) =1 5 4 20(a—2) 0 2 0
0 —2zt* +2pB(B—-2) 0 2

—— vyt ) ==—y(t,)— (1= L")y, =9 00 :
dt2y’(’) tdtyf(’) ( t2 >yf’ ! {6,1:2
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Jacobi weight Step 2 the results

The General Solution (GS)  y;(t,z), j=1,21is
2

= t =~ t2 b—1
Cij tJ,,(bj) <\/E 2) + G it Y,,(bj) <\/E 2) , v(b) = —
GS of the DE problem

- Tr
y(t,z) = (Y1(t72)7 y2(t72)7 Zty{(tv 2)7 2ty§(t,z) ) .
Approximate GS of the FD problem ClT/)S(l) + C27$(2), for k € Z:

y1 (5, an%) 0
VO 0 Ty~ | 2 (5 A%
Yk ()\)N %y{ (%’)\n4) ) Yk (A)N no 3
0 2Kys (&, An")

here (') denotes the derivative with respect to the first variable.

n — o0
k ;
Z_HGK@(O’”
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Jacobi weight Matching BC

Step 3. Now we need to match the boundary conditions of (DE) with left
boundary conditions of (FD). This is the rather sophisticated part of work.

1) We construct two Particular Solutions (PS) of the FD problem for
A = 0 which fit BC at the left end;

2) We construct two PS of the DE problem matching when t — 0 PS of
the FD problem, it gives for A\=zn™* t = k/n, n— oo

- k
YW (zn* =n b7 (2, 2) + 0 (ko) .
Finally the right end BC (determinant)

o (1) s () v ot 0

give approximate values of eigenvalues A = %. Here v(a) = (a —1)/2.
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Jacobi weight Asymptotics Result

Let {YY(N\)} be a PS of the FD problem: Y (\) = ¥

Y9(0),j=1,2.
Let the Jacob/ weight parameters («, 3) satisfy the condition:

o — B| < 4, a,f>-—1.

Then for A = %, n—>t n — oo, uniformly for z € K € C, te Ke(0,1]

YO0 = (70(t,2) + o(t2)) bj_{g: =5

Here yU) are PS of the DE problem satisfying the matching condition

2 0
yU)(r,z>=rbf(?g>+o(1)), cw._| 0| 2o (2)

Alexander APTEKAREV (KIAM, MSU)

Asymptotics of sharp constants




Jacobi weight the result

Theorem

Let v = min{2L, ;1} and | — B| < 4. Then one has for the
Markov—Bernstem best constant for Jacobi weight

2
My = 5 [1+ o(1)]

where z; is the zero of the Bessel function J,(z), nearest to the origin.

If « =8 =0then v = —% and zj is the zero of the Bessel function

J_1)2(2) = \/? cos(z).

One has z; =7/2 and M, = "; [1 4 o(1)] which is E.Schmidt’s result.
A.Aptekarev A.Draux V.Kalyagin D.Tulyakov Asymptotics of sharp
constants of Markov-Bernstein inequalities in integral norm with Jacobi
weight, accepted for Proceedings of AMS, 2013
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Remark on the technical condition

la— Bl < 4 ?
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THANK YOU FOR YOUR ATTENTION!
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