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The possibility of rational approximation

In 1885, Runge proved that holomorphic functions of one
complex variable can be approximated by rational functions,
locally uniformly on their domain of holomorphy.

Theorem[Runge, 1885]
Let K C Q C C with K compact and Q2 open. If f € Hol(Q2)
and € > 0, there is a rational function R such that

If(z) = R(2)| <e, z€eK.

Runge’s proof rests on his “pole shifting technique”.

Today, it is a consequence of the duality between complex
measures and continuous functions with compact support.
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Subsequent developments

e Approximability on K of continuous functions analytic in K
[Bishop 60, Mergelyan 62, Vitushkin 66] (analytic capacity)
approximability on noncompact sets [Roth, 1976].

e Characterization of smoothness from the rate of
approximation [Dolzhenko 68, Pekarskii 83, Peller 86].
e Constructive approximation:

in number theory to check for irrationality, transcendency,

e in modeling and control engineering (robust control)
e in electrical engineering, to check stability of microwave

circuits.
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A discretization viewpoint

An analytic function is a Cauchy integral:
f(z) = / dpu(t).
t—2z)

Thus, using the identification R? ~ C, it becomes the
gradient of a logarithmic potential:

f(z) =

0 1
~ % log T du(t).

A rational function is the gradient of a discrete potential:

()= i - 2 </ g ’tizdun(t)>

Jj=1

n
where v, = 71 aj6p,.
Hence, rational approximation may be viewed as optimal
discretization of a logarithmic potential with respect to a

Sobolev norm.
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Remarks

e The talk is concerned with asymptotic error rates and pole
distribution when the degree of the approximant goes large.

e Understanding the behaviour of poles of rational approximants
is the non-convex and difficult part of the problem.

e A fundamental feature is: we have branchpoints. This will get
us an attractor for the poles: the normalized counting measure

1 n
— g 0¢; with &; the poles,
n

i=1

will converge weak-* to some probability measure as the
degree of the approximant goes large (dominancy of
branchpoints).
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Some notation

f is holomorphic on a domain Q c C.
K is a compact subset of €.
R denotes the set of rational functions of degree n:

Rnp= {&; Pn, Gn complex polynomials of degree at most n}.
n

We set

0= el K) = inf || — rall ().
en = en(f, K) inf, 1 = rall Lo (k)

n
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Strong asymptotics are estimates of e,(f, K) as n goes large,
with respect to some scale depending on n.

Strong asymptotics can usually be derived for specific
functions f only.

/

Weak or n-th root asymptotics are estimates of e% " as n goes

large.
n-th root rates only estimate the geometric decay of the error.

They make contact with logarithmic potential theory.
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Some potential theory

The logarithmic potential of a positive measure o with
compact support in C is

Wiy 1
VHE(z) = /Iog 1 du(t)

This is a superharmonic function valued in R U {400}, the
solution to Au = —p which is smallest in modulus at co.

The logarithmic energy of p is

I(n) :Z//log ! o du(t)du(z).

|z — ]

The energy lies in R U {+00}.
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The logarithmic capacity of K is C(K) = e~/x where

= inf I
MIGnPK// 8

and Pk is the set of probability measures on K.

du(t)du(x)

If C(K) > 0, there is a unique measure wx € Pk to meet the
above infimum. It is called the equilibrium distribution on K.

If C(K) = 0 one says K is polar. Polar sets are very small and
look very bad (totally disconnected, H'-dimension zero...).

A property valid outside a polar set is said to hold
quasi-everywhere.

wk is characterized by V¥ being constant g.e. on K
(Frostman theorem).
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Capacity is a measure of size.

Example 1: the capacity of a disk is its radius and the
equilibrium distribution is normalized arclength on the
circumference.

Example 2: the capacity of a segment is C, ;) = (b — a)/4
and the equilibrium distribution is
dt
m/(t—a)(b—t)

The equilibrium distribution is always supported on the outer
boundary of K.

The capacity of a set E is the supremum of Ck over all
compact K C E.
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The weighted capacity of a non polar compact set K in the
field v, assumed to be lower semi-continuous and finite q.e.
on K, is Cy(K) = e~ " where

pi= inf [ / og - du(t)dn(z) + 2 [ ¥(D)du(t)

There is a unique measure wk y, € Pk to meet the infimum; it
is called the weighted equilibrium distribution on K (w.r.t.¢)).

Wk, is characterized by the fact that V/“%.¢ 4 4) is constant
g.e. on supp(wk ) and at least as large as this constant q.e.
on K.

Physically, it is the equilibrium distribution on a conductor K
of a unit electric charge in the electric field 1.

When 1) = 0 one recovers the usual capacity.
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Green functions

Let Q2 open have non-polar boundary 02.

The Green function of Q with pole at z € Q is the function
Gq(z,.) such that

o t— Go(z,t) + log |z — t| is bounded and harmonic in Q,
[ ]

lim Go(z,t) =0, q.e. &€ 9.
t—&
Equivalently, Go(z,.) is the smallest positive solution to

Au=—0, in Q.

Example: if D is the unit disk, then

1—zt
z—t

GID)(Zv t) = |Og
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Let 0Q2 be non-polar.

The Green potential of a positive measure p with compact
support in Q is

VE(2) ::/GQ(Z, t) du(t).

It is the smallest positive solution to Au = —p in Q.

The Green energy of p is

1) = / / Ga(z, t) du(t)dp(z).

<: HVVS/;H%Q(Q) in smooth cases )
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The Green capacity of K is C(K,Q) = 1/Zx where

Ik = inf Ilg(p) = inf //GQ(Z./ t) dp(t)du(z).

HEPK HEPK

If K, is non polar, there is a unique measure wfg:Q € Pk to
meet the above infimum. It is called the Green equilibrium
distribution of K in Q.

G
. . WEo -
wﬁjQ is characterized by the fact that VGK’Q is constant q.e.
on K.

Green capacities and Green equilibrium distributions are
conformally invariant. This allows to speak of the Green
capacity of a closed set, possibly containing oo, in an open set
of the Riemann sphere.
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n-th root estimates: upper bound

e J.L. Walsh was perhaps first to connect weak asymptotics in
rational approximation with Green potentials in the late 40's.
He proved the following:

¢ Theorem[Walsh]

Let f be holomorphic on a domain Q and K C Q be compact;
Put

en = infrer, If — Pn/qnll Lo (k)-

limsu el/”<ex —#
e = IPATC(K Q) )

Then

e |t is obtained by interpolating the function. There are
functions for which this bound is sharp (Tikhomirov).
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A. A. Gonchar conjectured in 1978 that

. 1/n< - 2
llnrllogfen exp< C(K,Q)>' (1)

Gonchar's conjecture means that using rational approximants
instead of polynomials improves convergence like a Newton
scheme improves a steepest descent algorithm: it squares the
error, at least for a subsequence.

Gonchar and Rakhmanov substantiated the conjecture by
constructing classes of functions for which (1) is both an
equality and a true limit.

For this they used interpolation again.



Padé interpolants and N.H. orthogonal polynomials



Padé interpolants and N.H. orthogonal polynomials

o Let f(z)= [ %(? where 1 is a complex measure supported
on E compact. W. r. t. previous notation, Q = C\ E.



Padé interpolants and N.H. orthogonal polynomials

o Let f(z) = [ < d“(g) where 1 is a complex measure supported
on E compact. W r. t. previous notatlon Q=C\E.

e If pp—1/qn interpolates f in {5%")7 cee 2n oo} C Q and if
won(2) = Mj(1 = z/€\™), then

/ an(§) 5kdu(§)=07 ke{0,1,...,n—1}. (2)
J wan(§)



Padé interpolants and N.H. orthogonal polynomials

o Let f(z) = [ < d“(g) where 1 is a complex measure supported
on E compact. W r. t. previous notatlon Q=C\E.

e If pp—1/qn interpolates f in {5%")7 cee 2n oo} C Q and if
won(2) = Mj(1 = z/€\™), then

/ an(§) 5kdu(§)=07 ke{0,1,...,n—1}. (2)
J wan(§)

e Note that orthogonality is non Hermitian.



Padé interpolants and N.H. orthogonal polynomials

Let f(z) = [ < d“(g) where 11 is a complex measure supported
on E compact. W. r. t. previous notatlon Q=C\E.

If ph—1/qn interpolates f in {5%")7 cee 2n oo} C Q and if
won(2) = Mj(1 = z/€\™), then

/ an(§) 5kdu(§)=07 ke{0,1,...,n—1}. (2)
J wan(§)

Note that orthogonality is non Hermitian.

To assess the asymptotic behavior of g, it was realized that
E should have special properties. of the normalized counting
measures of the 5}"):
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Symmetric contours

e A weighted S-contour in the field v is a compact set E which
is an analytic arc in the neighborhood of g.e. point, and such
that at every such point

a(\/wE""' +L)) /8,7—0— — a(vu}Ex +U) /an_

where 9T n indicates normal derivatives from each side.

e The notion was introduced in nuce by [Nutall, 70's] and
expounded by [Stahl, 1985] in the unweighted case, suitable
to study classical Padé aproximants. He showed that when

1) = 0 then the zeros Ci{"}, Sy ;{”} of g, satisfy

IR ws
fn = 259{”} — WE.
(=1
Like in classical case on a segment.

e Dwelling on his work, Gonchar and Rakhmanov generalized
the result to the multipoint case as follows.
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Theorem [Gonchar-Rachmanov,87] If f is (essentially) a Cauchy
integral on a weighted S-contour E in the field — V", with g.e.
continuous nonzero density on E, and if the interpolation points

55"), e ,5&7,) are picked with asymptotic density v on K:
1 2n
Vp = 2,7;5552") wk —s p suppr C K,

then the Padé interpolants p,_1/g, in the points {é") converge in
capacity to f in the complement of E:

lim cap{z ¢ E: |f(z) - pn_1(2)/qn(2)|" > €} = 0.

and the normalized counting measure of their poles converges
towards wg _v.
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Consequences

e If f has finitely many branchpoints contained in K€, an open
set Q exists to minimize C(K, Q) with f analytic on Q. Then

E = Q¢ is a weighted S-contour in the field —V¥ke [Stahl
1989].

e Pick v = wﬁ q; @ computation shows that

Pn—1 _ W2p 2 1 fqn dé
(F — Prty(z) = 22n () /E -5

an qr2; ﬂ W2 z—¢

e Taking moduli and 2n-th root, the surviving term is

W2n

1/2n lo
_ g |wan(2)| _ log|gn(2)|
q2 (2) - { 2n n
wC ce 1
=exp{—-V" + VH} — exp{VGK’E (z)} .= CK.E) on K.



Best H?-rational approximation



Best H?-rational approximation

e Gonchar-Rakhmanov theorem shows there are rational
interpolants with best n-th root approximation rate on K to
functions with finitely many bnnranchpoints off K.



Best H?-rational approximation

e Gonchar-Rakhmanov theorem shows there are rational
interpolants with best n-th root approximation rate on K to
functions with finitely many bnnranchpoints off K.

e Moreover, when the degree goes large, the normalized
counting measure of the poles of these approximants
converges to the Green equilibrium distribution on the cut of
minimal Green capacity in K¢ outside f which f is
single-valued.



Best H?-rational approximation

e Gonchar-Rakhmanov theorem shows there are rational
interpolants with best n-th root approximation rate on K to
functions with finitely many bnnranchpoints off K.

e Moreover, when the degree goes large, the normalized
counting measure of the poles of these approximants
converges to the Green equilibrium distribution on the cut of
minimal Green capacity in K¢ outside f which f is
single-valued.

o |s this also the behaviour of best approximants?
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Let H? be the familar Hardy space of the disk.
If f € H? and p,/q, is a rational function in H? to minimize

: 1 n e |
17 - 2218 = 5 [ |- Z2qe)f 1o

dn

with T the unit circle, then

Pn/qn interpolates f at 1 /EJ with order 2 for each zero §; of qp,
and also at 0 [Levin, 76], [Della-Dora, 72]. So, it is a particular
case of multipoint Padé interpolant (with unknown interpolation
points).
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Asymptotics of H? approximants

Theorem (H. Stahl, M. Yattselev, L.B., 2013)

Let f be analytic except for finitely many branchpoint off the
closed unit disk, and p,/q, a best rational approximant of degree n
in H?. The counting measure of the poles of p,/q, converges
weak-* when n — oo to the equilibrium measure of the set Kg of
minimal Green capacity in C \ D outside of which f is
single-valued. Moreover it holds that

1 2 ,
||m If — pn 1/an /2n = 1/Cap(T.Ke)

||m I — pn l/an1/2” — —1/Cap(T,Kq)

The result is not a direct consequence of the Gonchar Rakhmanov
theorem, for one needs to establish that there exists a S-contour in
the field — V¥, where v is the asymptotic distribution of the
reciprocal of the poles of p,_1/q, (the interpolation points).
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e We approximate f on OK by the sum of a rational function
and (the trace of) a function in H>®(K¢):

empy := ||[f—gn—"rall L (oK) = geHoc(,"{nc‘; . | =g —rall Lo (o)-

e In other words, we approximate f on K by the trace of a
meromorphic function with at most n poles in K¢. This
makes conformal invariance obvious.

e By the Cauchy formula
1 f—r,— o
f(z) — ra(z) = / F=rm=8)t) gy for 5 €K,
2iT Jok t—z
which implies easily that

ng 1/n

. 1/n . 1 . . 1/n . .
limsup ep, © = lim sup emy, liminf en, " = liminf emp,

along any subsequence ny.
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e By conformal mapping assume K = C \ D with DD the unit
disk, and Q = C\ E, with E compact lying interior to the unit
circle T.

e By outer regularity of capacity, one may further assume that
OE is a smooth Jordan curve .

e AAK theory tells that the best error in uniform approximation
to f on T by meromorphic functions with n poles is the n+ 1
singular value of the Hankel operator:

Af: H*(D) — HZ(C\D)
u — P_(fu)

where P_ is the projection L?(T) — H3(C \ D) in the
orthogonal decomposition:

[*(T) = H*(D) @ H3(C \ D).
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e By Cauchy formula

© 2irm
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Parfenov's proof cont'd

e By Cauchy formula

1 f(€)
f&y_zﬂﬁz_gﬁ, zeq.

e Moreover by the residue theorem

P_(h)() = 5 [ 2

= dé. he (T
2im oz 96 he (T), ze

al
/
=/

e By the above, Fubini's theorem, and the residue formula, we
get for v € H?(D):

)~ L [ YO

=37 ) o) dc¢, ze C\D.
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Therefore Af is the composition of four elementary operators:

Ar = B1 B> B3 By,

e By : H?’(D) — L?(T) is the embedding operator obtained by
restricting functions to I,

e B3 : L%(T) — L2(T) is the multiplication by f,

e By : L%(I') — S?(Q) is the Cauchy projection onto the
Smirnov class of ,

e B; : S?(Q) — H?*(C\ D) is the embedding operator arising by
restriction.

e B3, B, are bounded, and for the singular values of B;, By we
have [Zakharyuta-Skiba, 1976][Fischer-Micchelli, 1980]:

kl;m sk/ (B1) = I|m sk/ (84)—exp< ((C\llD)F)>

e Spectral theoretic interpretation of “2".
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e Applying now the Horn-Weyl inequalities:
Mi_osk(AB) < Mj_osk(A)ME_ysk(B), neN

valid for any pair of bounded operators A : H1 — H, and
B : Hy — H3 between Hilbert spaces,

e we obtain

Mo sk(Ar) < [lIB2ll|™ 11851 ME—o sk(B1)) My sk(Ba),

e from which Parfenov's theorem follows easily upon taking
1/n?-roots.
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Rational approximation to functions
with polar singular set

Theorem (H. Stahlf, M.Yattselev, L.B.)

Let f be analytic in  C C and continuable indefinitely except over
a polar set which has finitely many branchpoints. Let K C Q be
compact with K¢ connected. Let Q0¥ maximize the Green capacity
C(K,2*) under the condition that f is analytic and single-valued
in Q*. Then

. 1/n _2

L |Imn*>oo €n :exp{w}

o [f there is a branchpoint and K is regular, then the asymptotic
density of the poles 5&")7 e ,Ef,") of an asymptotically optimal
sequence r, of rational approximants of degree n is wﬁ,ﬂ* :

1 .
SE]_ 1. W W e
n & ’

e [f there is no branchpoint convergence is faster than gometric,
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About the proof

o We first prove the result for meromorphic approximants.
e Assume C(K,Q2) > 0. We know that

. 1/n< -2
I|nrr_1>|or;fen _exp{C(KQ)}(Parfenov).

. 1/n< -1
limsupe,”” < exp { C(K,Q)} (Walsh).

n—o0

e Dwelling on Horn-Weyl inequalities for singular values of the
Hankel operator with symol f, we prove:

. 1/n -2 .. 1/n _72
imsuper” > o0 | iy | = limint " <0 { gy |-
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domain of convergence, yielding geometric interpretation of
the 2.
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About the proof cont'd

In a second step, one shows that along any subsequence
liminf el/" > exp {C(Ei%z)} and that this speed of
convergence is attained7only if the asymptotic density of the
poles is w(GKQ*)

This is done by analyzing the limit L, along a subsequence, of
(log en)/n on the Riemann surface of f. We use
Bagemihl-type arguments on a maximal region containing the

domain of convergence, yielding geometric interpretation of
the 2.

One dificulty is that L is only finely continuous, but neither
subharmonic nor superharmonic.

In a final step we connect poles in rational approximation with
poles in meromorphic approximation. The result on the poles
holds in fact for any sequence of approximant with optimal
n-th root rate.
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A sad note



A sad note

In memoriam Herbert Stahl, August 3, 1942-April 22, 2013.



And most importantly

Thank you!



