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Kac polynomials

Uni lit: . .

e A Kac polynomial on the complex plane is of the form
random

polynomials

N
Turgay f z) = g 'Zj
Bayraktar N( ) aJ

Jj=0

Motivation

We assume that a;'s are real or complex identically distributed
independent i.i.d. random variables and let P denote their
distribution law. Identifying

Polyy — CN+1

fn — (aj)JN:O

we obtain the probability space (Polyy, Proby) where Proby is the
(N + 1)-fold product probability measure induced from P.

Then we from the product probability space []n_;(Polyn, Proby)
whose elements are sequences of random polynomials.

Turgay Bayraktar Universality for zeros of random polynomials



Universality
for zeros of
random
polynomials

Turgay
Bayraktar

Motivation

Kac polynomials

A Kac polynomial on the complex plane is of the form

N
fN(Z) = Z ajzj
Jj=0

We assume that a;'s are real or complex identically distributed
independent i.i.d. random variables and let P denote their
distribution law. Identifying

Polyy — CN+1

fn — ()10

we obtain the probability space (Polyy, Proby) where Proby is the
(N + 1)-fold product probability measure induced from P.

Then we from the product probability space []y_;(Polyn, Proby)
whose elements are sequences of random polynomials.
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Empirical measure of zeros

Universality ertlng
for zeros of
random

N N
polynomials fN(Z) = Z asz = an H(Z - CJ)
j=0 Jj=1

Turgay
Bayraktar

where (;'s are the roots of fy. We may define a random variable

Motivation

PO/yN — M(C)

N
fn — [ZfN] = Z 54}..

j=1

Turgay Bayraktar Universality for zeros of random polynomials



Empirical measure of zeros

Universality ertlng
for zeros of

N N
random i
polynomials fN(Z) = E asz = an H(Z - CJ)
i—0 i—1
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where (;'s are the roots of fy. We may define a random variable

Motivation

PO/yN — M(C)

N
fn — [ZfN] = Z 54}..

j=1

and we define the expected zero measure

(E[Zg,], ©) / ng ¢j)dProby
PO/yN

for continuous function ¢ € C.(C).

Turgay Bayraktar Universality for zeros of random polynomials



Kac Ensemble: Gaussian Case

Pl Theorem (Kac-Hammersley-Shepp-Vanderbei)

random .. g
polynomials Assume that a; are i.i.d. complex (or real) valued Gaussian random

Ty variables of mean zero and variance one. Then

Bayraktar

1 1
o yE[Z7] — 5-df weakly as N — oc.
1 1

@ Almost surely 5 Zf, — 5-db weakly as N — oc.

Random

polynomials
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Kac Ensemble: Gaussian Case

Theorem (Kac-Hammersley-Shepp-Vanderbei)

Assume that a; are i.i.d. complex (or real) valued Gaussian random
variables of mean zero and variance one. Then

o LE[Z4] — 5=db weakly as N — oco.

@ Almost surely %Zf,\, — %d@ weakly as N — oc.

sormples plane
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Kac Ensemble: Gaussian Case

Theorem (Kac-Hammersley-Shepp-Vanderbei)

Assume that a; are i.i.d. complex (or real) valued Gaussian random
variables of mean zero and variance one. Then

o tE[Z4] — 5=df weakly as N — oc.

© Almost surely + Zg, — 5-df weakly as N — oo.

cormples plane

Re

fi0, fs0
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Kac Ensemble: Gaussian Case

Theorem (Kac-Hammersley-Shepp-Vanderbei)

Assume that a; are i.i.d. complex (or real) valued Gaussian random
variables of mean zero and variance one. Then

o tE[Z4] — 5=df weakly as N — oc.

© Almost surely + Zg, — 5-df weakly as N — oo.

cormples plane

El o 1 2
Re

fi0, f50, f00
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Random

polynomials

Kac Ensemble: Gaussian Case

Theorem (Kac-Hammersley-Shepp-Vanderbei)

Assume that a; are i.i.d. complex (or real) valued Gaussian random
variables of mean zero and variance one. Then

o tE[Z4] — 5=df weakly as N — oc.

© Almost surely + Zg, — 5-df weakly as N — oo.

cormples plane

El o 1 2

fi0, f50, f100, 250
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Kac Ensemble: Gaussian Case

Theorem (Kac-Hammersley-Shepp-Vanderbei)

Assume that a; are i.i.d. complex (or real) valued Gaussian random
variables of mean zero and variance one. Then

o tE[Z4] — 5=df weakly as N — oc.

© Almost surely + Zg, — 5-df weakly as N — oo.

cormples plane

El o 1 2
Re

f10, f50, f100, f250, f500
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Random
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Kac Ensemble: Gaussian Case

Theorem (Kac-Hammersley-Shepp-Vanderbei)

Assume that a; are i.i.d. complex (or real) valued Gaussian random
variables of mean zero and variance one. Then

o tE[Z4] — 5=df weakly as N — oc.

© Almost surely + Zg, — 5-df weakly as N — oo.

cormples plane

El o 1 2
Re

fi0, f50, f100, f250, f500, f000
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Kac Ensemble: Gaussian Case

Theorem (Kac-Hammersley-Shepp-Vanderbei)

Assume that a; are i.i.d. complex (or real) valued Gaussian random
variables of mean zero and variance one. Then

o tE[Z4] — 5=df weakly as N — oc.

© Almost surely + Zg, — 5-df weakly as N — oo.

cormples plane

f10, f50, f100, f250, 500, f1000, F2000
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Why?

Monomials z/ for an ONB for Polyy relative to

1

2w
(r.6) =5 | FEae

and Bergman kernel

N
Kn(z,w) = ZZJW
j=0

is reproducing kernel of point evaluation at z that is

and K(z,z) =

Turgay Bayraktar

do

f2)= [ F(w)Kn(z, w)er

@ = [ okuz. ) g
1;127“;";2. Moreover, Ky(e', e®) = N + 1.
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Proof of Gaussian case

Universality

for zeros of This implies that
random

polynomials

1 i
Bayrentor 5y 08 Kin(z,2) = log™ |z| := max(log ||, 0)

do

locally uniformly on C. Therefore A(5k log Kn(z,2)) — 22

Random

polynomials
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Proof of Gaussian case

Universality

for zeros of This implies that
random
polynomials 1
ey SN log Kn(z,z) — log™ |z| := max(log|z|,0)
locally uniformly on C. Therefore A(5k log Kn(z,2)) — %

Random N ow,

polynomials

1 1 - 1
~ 10 |fu(2)| =+ log (2", u(2)] + 5 IoB Kn(z.2)
where
zJ
(@, u"(2)) =)
Xj: VKn(z,2)
N _ 1 z N NA+1 : .
and u"V(z) = (\/KN(Z,Z)’ TR \/KN(z,z)) € C"*lis a unit
vector.
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Proof of Gaussian case

For a test function ¢ € C.(C) by using A(4; log |fv]) = Zp,

<%

E[Z:], ) = /C NH(A(2N log Kn(z, 2)), 0) dProby
[ A legl(a. (@), o) dProby
- <A(§logKN(z 2).¢)
n /C NM log |(a". u"(2))], Acp) dProby
- <A(—IogKN(z,z)),<p>

+ /Agp /C’V 1 Iog|<aN, uN(z)>|dProbN)
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Proof of Gaussian case
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Turgay Since u"(z) is a unit vector by unitary invariance of Gaussian we
Bayraktar Obtaln
1 1
Random <NE[ZfN]7 SD> = <A(ﬂ |Og KN(27 Z))7 §0>

polynomials

1 1 >
— [ Ap(= [ | ~ 2ol
+ N/c @(W/Cog\ade dA(a0))
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Turgay Since u"(z) is a unit vector by unitary invariance of Gaussian we
Bayraktar Obtaln
1 1
Random <NE[ZfN]7 SD> = <A(ﬂ |Og KN(27 Z))7 §0>

polynomials

+

1 1 2
il il —lao|
5 Ao [ toglaolel ()
1 2m "
= (B loEkn(z ). ) > 5= [ ole)ap

Hence the result follows.
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Universality for Kac Ensemble

S Theorem (lbragimov and Zaporozhets 13")

random

polynomials If the coefficients a;j are non-degenerate i.i.d. random variables then

Turgay Ellog" |a;]] < oo is necessary and sufficient for & Zg, ~ 5-d6.
Bayraktar

Random

Figure: Standard Figure: Uniform Figure: Cauchy
Gaussian Distribution Distribution

fn(z) = ZJ-N:() a;Z is a random polynomial of degree 1000.
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Random
Holomorphic
Sections

Complex Geometry

Let X be a projective manifold of dimension m and L — X be a
holomorphic line bundle. We say that L is positive if L admits a
smooth Hermitian metric h whose curvature form wy, is a Kahler
form. We denote the induced volume form dVj, = 4w Denote by
HO(X, L) the vector space of global holomorphic sections. We define
a L2-norm on HO(X, L) by

Isli = [ Isfiavh
X

We consider tensor powers L®N endowed with the metric hy := h®V.
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Complex Geometry

Let X be a projective manifold of dimension m and L — X be a
holomorphic line bundle. We say that L is positive if L admits a
smooth Hermitian metric h whose curvature form wy, is a Kahler
form. We denote the induced volume form dVj, = 4w Denote by
HO(X, L) the vector space of global holomorphic sections. We define
a L2-norm on HO(X, L) by

Isli = [ Isfiavh
X

We consider tensor powers L®N endowed with the metric hy := h®V.
For a fixed orthonormal basis {SJ.(N)} of HO(X, L®N) the N
Bergman kernel

Kulxy) = 325" )@ 5V ()

is the integral kernel of the projection C*°(X, L®") — HO(X, L®N).
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@ Value Distribution Theory
@ PDEs

Random

Holomorphic @ Algebraic Geometry
Sections
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@ Value Distribution Theory
@ PDEs

Random

Holomorphic @ Algebraic Geometry
Sections
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Model Example

Universality
for zeros of Exam ple

random

pelvromizls Let X = P™ be complex projective space and L = O(1) hyperplane
Turgay bundle. Then H°(P™  O(N)) can be identified with homogenous

Bayraktar

polynomials in m + 1 variables of degree N. Letting h = hgs
Fubini-Study metric, the sections

%= Gt g 2 = U dmh =N
Holomorphic
Sections

form ONB for H(P™, O(N))

SU(m+1) Polynomials are defined by

ay
fu(zo.. . zm) = 3 7WZJ

JJI=N

where a; are iid standard complex Gaussian.
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Random Holomorphic Sections

A random holomorphic section s, € HO(X, L®N) is of the form
Sp = Z ajsj(n)
j

where the coefficients a; are iid copies of a non-degenerate real or
complex random variable (. Then we endow H°(X, L®N) with a
dy = dim(HO(X, L®N)) fold product probability measure Proby.
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Random Holomorphic Sections

A random holomorphic section s, € HO(X, L®N) is of the form
Sp = Z ajsj(n)
j

where the coefficients a; are iid copies of a non-degenerate real or
complex random variable (. Then we endow H°(X, L®N) with a
dy = dim(HO(X, L®N)) fold product probability measure Proby.

Problem

Are zeros of random holomorphic sections uniformly distributed
relative to a deterministic measure? If such a measure exists, is it
independent of the choice of the law of random coefficients?
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Sections

Zeros of Sections

Denote by Zg1 o :={z € X: sn(z) = =sf(z) = 0}.

Theorem (Bertini)

For generic sections sy, ..., sy the zero sets Z; are smooth and
N

intersect transversally. In particular, simultaneous zero set Zslb""’skl is
a complex submanifold of codimension k.

We denote by ZShv-wSE the current of integration along the variety
Za o Note that

<Zs,},,,..,s,’f,7wg7_k> = nkcl(L)m

where ¢;(L)™ := [, wf. In particular,

— 2., is cohomologous to wk.
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Gaussian Case

Universality

P Theorem (Shiffman-Zelditch 99)

random

polynomials Assume aj are iid complex Gaussian with mean zero variance one.
Ty Then for each1 < k< m

Bayraktar

1
E[WZS}W...,SI’(I] — wl,:

Moreover, almost surely,

Random
Holomorphic 1 K
Sections -

Nk ZS/%I""?SI’\(I — Wp
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Gaussian Case

L Theorem (Shiffman-Zelditch 99)
random

polynomials Assume aj are iid complex Gaussian with mean zero variance one.

Tz Then for each1 < k< m
Bayraktar

1
k
Motivation E[ Nk ZS}V,...,S,,\(I] — wh
Random

BoliDiniats Moreover, almost surely,
Random
Holomorphic 1

Sections R k
Nk Zs}v,...,s,’{, — W

Further Study

Proof.

(1) E[Zs,] = wn where wy := &} wrs and &y 0 X — PN is the
Kodaira map. Thus first part follows from Bergman kernel
asymptotics of Tian-Catlin-Zelditch which implies wy — wy as
N — oo.
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Proof of Shiffman-Zelditch Theorem

Universality

for zeros of P roof.
random

polynomials

(2) For almost everywhere convergence we need a variance
Turgay 5 .
Bayraktar estimate: for fixed test form ¢

Varll(: Zau, 9)] = Ell(: 2 ) — (om, 9)] = O(N2)

Random Letting Yn(sn) := ({1 Zsv: @) — (wn, ¢))? and observing
Sectiona,
/ > Yu(sw)dProby = / Yn(sn)dProby
HO(X,L®N) T N HO(X,L®N)
< o

implies the assertion.
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Distribution of Zeros

A weighted compact set (K, ¢) is a pair of a compact set K C X and
a weight ¢ of a continuos Hermitian metric e72? on L. Then we
define equilibrium weight

Vi, := sup{¢ psh weighton L:1¢ < ¢ on K}

We say that K is regular if Vi 4 is continuous.
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Distribution of Zeros

A weighted compact set (K, ¢) is a pair of a compact set K C X and
a weight ¢ of a continuos Hermitian metric e72? on L. Then we
define equilibrium weight

Vi, := sup{¢ psh weighton L:1¢ < ¢ on K}
We say that K is regular if Vi 4 is continuous.

Theorem (Guedj-Zeriahi, Berman-Boucksom)

If K is non-pluripolar compact set then Vik.s Is a psh weight on L. Its
curvature current Ty 4 is a positive closed current on X representing
the first Chern class c1(L) € HM(X, R).
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Distribution of Zeros

A weighted compact set (K, ¢) is a pair of a compact set K C X and
a weight ¢ of a continuos Hermitian metric e72? on L. Then we
define equilibrium weight

Vi, := sup{¢ psh weighton L:1¢ < ¢ on K}
We say that K is regular if Vi 4 is continuous.

Theorem (Guedj-Zeriahi, Berman-Boucksom)

If K is non-pluripolar compact set then Vik.s Is a psh weight on L. Its
curvature current Ty 4 is a positive closed current on X representing
the first Chern class c1(L) € HM(X, R).

Example
If K= X and ¢ = 0 is the flat metric then Ty ¢ = wy
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Distribution of Zeros

For a measure v supported on K we denote

sl = | Iz
K

Definition (BM measure)
A triple (K, ¢, v) satisfies Bernstein-Markov (BM) inequality if there
exists My > 0 such that

sup |sn(x)|gy < Mn||sn|l2 for every sy € HO(X, L®N)
x€EK

1
and limsupy_, ., My = 1.
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Distribution of Zeros

For a measure v supported on K we denote

sl = | Iz
K

Definition (BM measure)

A triple (K, ¢, v) satisfies Bernstein-Markov (BM) inequality if there
exists My > 0 such that

sup |sn(x)|gy < Mn||sn|l2 for every sy € HO(X, L®N)
xeEK

1
and limsupy_,, My = 1.

Theorem (Bloom-Shiffman, B13)

If K is regular and (K, ¢, v) satisfies (BM) inequality then
ﬁ log Kn(x, x) converges locally uniformly to Vi 4
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Non-Gaussian Ensembles

@ More generally, Dinh & Sibony 06’ studied equidistribution
problem endowing SHO(X, L®N) with moderate measures
(which are locally Monge-Ampeére measure of a Holder
continuous psh function). They used a new method based on
formalism of meromorphic transforms (still uses Bergman kernel

asymptotics).
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(refimtls @ More generally, Dinh & Sibony 06’ studied equidistribution

Turgay problem endowing SHO(X, L®N) with moderate measures
Bayraktar

(which are locally Monge-Ampeére measure of a Holder
continuous psh function). They used a new method based on
formalism of meromorphic transforms (still uses Bergman kernel
asymptotics).

Random

Holomorphic @ Bloom & Levenberg 13" proved convergence of expected zero

Sections —k . . . . .
currents N ]E[ZS}W___’SK] for polynomially decaying distributions
i.e.

P{zcC:|z| > R} = O(R?)

and posed almost sure convergence of NikZS,lv,n-,S,‘f, as an open
problem.
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Universality of Zeros

Theorem (B13")

Assume that a; are iid real or complex random variables whose
distribution law P has a bounded density and

P{zeC:log|z| >R} = O(R™") as R — o

for some p > m+ 1. Then for each 1 < k < m the expected current
of zeros
- k
N kE[Zs}V,.wsK,] — TK,¢

in the sense of currents as N — oco.
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Universality
for zeros of

random Theorem (B13')

polynomials

. Assume that a; are iid real or complex random variables whose
Bayraktar distribution law P has a bounded density and

Motivation P{zeC:log|z| > R} = O(R™") as R = oo
R:mdom'
pelynamials for some p > m+ 1. Then for each 1 < k < m the expected current
Random

Haolo:mrphic Of Z€eros K P

Sections N E[Zs}vwws/‘;/] — TK’¢

Further Study . . .

in the sense of currents as N — oo.Moreover, if the ambient space X

is complex homogeneous then almost surely
—k k
N [Zs,l\,,.u,s,‘(l] — TK7¢'

in the sense of currents as N — co.
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Sketch of Proof

Universality

fo:azneggfnmr Proof is based on induction on k. For k =1 and fixed smooth form ¢
polynomials we Write 1

By B[ (Zsu:9)] = In(2) + I3(2)

where (I3(z), ) = ((dd(55 log Kn(z,2)),¢) = (Tk,6,¢) as
N — oo

Random
Holomorphic
Sections
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Proof is based on induction on k. For k =1 and fixed smooth form ¢
polynomials we Write
1

Bayrentor B[ (2 @] = In(2) + I3(2)

where (I3(z), ) = ((dd°(5 log Kn(z,2)), ) = (Tk 4,%) as
N — oo On the other hand,

ﬁi?:;?rphic (13(2), ) = / (un(2), dd“p)dProby
HO(X,L®N)

Sections

Lemma

|R(2)] = O(N™7)

This proves the first part.
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Sketch of Proof

To prove almost sure convergence, we need a variance estimate

Lemma

Assuem that X is complex homogenous.

Varl . (Z5,, 9)] = O(N™~7)
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Sketch of Proof

To prove almost sure convergence, we need a variance estimate

Lemma

Assuem that X is complex homogenous.

Varl . (Z5,, 9)] = O(N™~7)

Then by Kolmogorov's law of large numbers with probability one

2

Then using a classical Iemma from dynamics 3 a subsequence N; of
density one such that (4 = , @) = (Tk.¢, ). Finally, by continuity
of potentials we conclude that the whole sequence converge.

Zs,0) = (Tk.g,0)

2\
\“—A
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SU(2) Polynomials

complex plae complex plare complex plae

Figure: Standard Figure: Cauchy Figure: Bernoulli
Gaussian Distribution Distribution

The figures illustrate zero distribution of a random SU(2) polynomial

fu(z) = 37 3jy/ (j) 2’ of degree 2000.
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Universality in codimension one

Denote by volume of hypersurface Zs, in an open set U C X by
Voly _,(Zs, N U) and

1

Vy = m[] TK7¢ A (wh)mil.

Theorem (B15")

For every open set U C X such that QU has zero volume

1
Prob{sN : lim S Volst_5(Zo, N U) = VU} =1

n— oo

if and only if
Eflog™ |a;]] < oo.
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From holomorphic sections to orthogonal
polynomials

Universality Dehomogenizing:
o ot If X =P™ and L = O(1) then the open set on C™ C P every

random

polynomials sy € HO(]P’m7 O(N)) can be written as

Turgay
Bayraktar

SN = fN0'®N
where ¢ is a holomorphic section whose zero set Z, = P™” — C™ and
fy is a polynomial of total degree at most V.

Random
Holomorphic
Sections
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From holomorphic sections to orthogonal
polynomials

Dehomogenizing:
If X =P™ and L = O(1) then the open set on C™ C P every
sy € HO(P™ O(N)) can be written as

SN = fN0'®N
where ¢ is a holomorphic section whose zero set Z, = P™” — C™ and
fy is a polynomial of total degree at most N. In particular, the
point-wise norm of sy on C™ relative to a continuous metric 2% on
O(1) becomes
2 _ 2_—2NQ
Isn(2)[3 = |fu(2)Pe 2N

where @ is a continuous function defined by
1
Q2) = 6(2) = hrs = ¢(2) — 5 In(1 + |2]%).

Here, hrs denotes the weight function of Fubini-Study metric which
is characterized (up to a constant) by its invariance under SU(m).

Turgay Bayraktar Universality for zeros of random polynomials



Universality
for zeros of
random
polynomials

Turgay
Bayraktar

Random
Holomorphic
Sections

Orthogonal polynomials

Assuming that v is BM measure supported on a regular compact set
K C C™ the current geometric setting reduces to random orthogonal
polynomials

dy
fulz) = > aF"(2)
=1
where {FJ.(")} form an ONB relative to

(f.g) = / F(2)g(2)e M) du
K
Examples:
@ K=S'and Q=0 & v = ;1 d6 gives Kac polynomials.

° K=P"and Q(z) = ;log(1 + |2*) & v = gfpy forze C
gives Elliptic polynomials.
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Super logarithmic growth

S Let K C C™ be a non-pluripolar (possibly unbounded) closed set and

random Q : K = R be a continuous functoin satisfying

polynomials

Turgay Q(Z) Z (1 + E) In ‘Z| for z > 1

Bayraktar

for some € > 0. This implies that ||fy]|2 < oo for every polynomial fy.

Random
Holomorphic
Sections
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Sections

Super logarithmic growth

Let K C C™ be a non-pluripolar (possibly unbounded) closed set and
Q : K = R be a continuous functoin satisfying

Q(z)>(1+¢€)ln|z| forz>1
for some ¢ > 0. This implies that ||fy||> < oo for every polynomial fy.
Example (Model case)

K = C and Q(z) = |z|? then it is well-known that Tk g = 1pd\(2)

v

Theorem
The Monge-Ampére measure

pr,Q = Tk ATk

has compact support and supp(1ik,q) C {z € K : Q(z) = Vi o(2)}

Turgay Bayraktar Universality for zeros of random polynomials



Universality
for zeros of
random
polynomials

Turgay
Bayraktar

Random
Holomorphic
Sections

Weyl Polynomials, Circular law

If K=C, Q(z)= % and v = d\ Lebesgue measure on C. A
random Weyl polynomial is of the from

N .
INi
= E aj TZJ.
= VI

Theorem (Kabluchko-Zaporozhets 12', B15')

Assume that a; are i.i.d. non-degenerate real or complex valued
random variables. The logarithmic moment

Eflog(1 + |aj|)] < oo.

if and only if

1
IP{WN : S En(U, Wo) —— 7rA(Umﬂ)))}

for every open set U € C such that OU has zero Lebesgue measure.
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Asymptotic Normality of Smooth Statistics

Universality . 0
for zeros of Theorem (Sodin-Tsirelson 04')
random
polynomials

Let fy(z) = ZJ.N:O ajz/ with aj are i.i.d. Gaussian random variables
and 1) be function of class C3. Then the random variables

Motivation L <Zf1\/7 ¢> B IE(<Z7(N7 1p>)
Random An(¥) = Var(Zg,,¥)

polynomials

Turgay
Bayraktar

Random converge in distribution to N'(0,1) as N — oo.

Holomorphic

Sections

Further Study Asymptotic normality of zeros were also obtained by Maslova 74’ for
RaAEtoLg random polynomials with real i.i.d. coefficients a; such that Ea; =0
and E|a;|**¢ < .

Problem

Do linear statistics Xy(1)) of multivariable random polynomials or
random holomorphic sections enjoy asymptotic normality?
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Asymptotic Normality of Smooth Statistics

Universality
for zeros of
random
polynomials

prureay @ Sodin and Nazarov revisited Gaussian analytic functions and
ayraktar . . .
improved Sodin-Tsirelson

@ Shiffman-Zelditch prove asymptotic normality for zeros of
Gaussian random holomorphic sections in codimension one.

@ B15' (in preparation) Gaussian random holomorphic sections for
C2%-metrics and smoothly bounded domains

Asymptotic P r0b|em

Normality

What about higher codimensions?
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Thank you!

Universality for zeros of random polynomials
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