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The Bergman space

Let Q € C" be an open domain. As usual, we define

[2(Q) = {f : /Q|fy2 dV(z) < oo}.

The Bergman space is a subset of L?(2) defined by
A2(Q) = {f e [2(Q): fis holomorphic} .

By the mean value property for holomorphic functions, for
f € A%2(Q) and K C Q compact,

sup [f(2)] < cllflle@)-

Hence A%(Q) is a closed Hilbert subspace of L?(1Q).



The Bergman kernel

Since the evaluation functional is a bounded linear functional on
A%(Q), the Riesz representation theorem ensures that for each
z € Q and each f € A%(Q) there is a function Bq(z, w) that is
holomorphic in z and antiholomorphic in w such that

f(2) :/Qf(W)BQ(z, w) dV(w).
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The Bergman kernel

Since the evaluation functional is a bounded linear functional on
A%(Q), the Riesz representation theorem ensures that for each
z € Q and each f € A%(Q) there is a function Bq(z, w) that is
holomorphic in z and antiholomorphic in w such that

f(2) :/Qf(W)BQ(z, w) dV(w),

This integral kernel Bo(z, w) is called the Bergman kernel and the
associated integral operator is called the Bergman projection and
denoted by B.

Studying the mapping properties of this integral operator and its
kernel is a well-known topic in several complex variables!
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What do the Bergman kernel and projection look like?
On D= {|z] < 1},

Bf(z) :/Df(w) dV(w)

(1 — zw)?

Note that the kernel is not uniformly in L1(ID) and hence Holder's
inequality fails to imply the LP boundedness of B.

Theorem

The Bergman projection on D is bounded on LP(D) for all

p € (1,00). In fact, the same range of boundedness holds for the
operator

Buf(e) = [ L)) dvw),

provided that o > —2.



Method of proof: Schur’'s lemma

Lemma
Let Q C C" be a domain, K an a.e. positive measurable function

on Q x Q and K the associated integral operator to K. Suppose
there exists a positive auxiliary function h on Q and 0 < a< b
such that for all € > 0 the following hold

K(h—%)(2) = /Q K(z, w)h(w)~= dV(w) < h(z)":

K(h™%)(w) = /Q K(z,w)h(z)™¢ dV(z) < h(w)~=.

Then K is bounded on LP(Q) for all p € (232, 2tb).



Method of proof: Schur’'s lemma

Lemma

Let Q C C" be a domain, K an a.e. positive measurable function
on Q x Q and K the associated integral operator to K. Suppose
there exists a positive auxiliary function h on Q and 0 < a< b
such that for all € > 0 the following hold

K(h—%)(2) = /Q K(z, w)h(w)~= dV(w) < h(z)":

K(h™%)(w) = /Q K(z,w)h(z)™¢ dV(z) < h(w)~=.

Then K is bounded on LP(Q) for all p € (232, 2tb).

a

Remark

In practice, the function h vanishes on the set where K(z, w) is
singular; hence K(z,w)h(z)~¢ is “worse” as its L norm is
algebraic rather than logarithmic.



A classical estimate

Theorem (Forelli-Rudin 80's)
For 3 > —2 and any € > 0, the following holds:

[l dv(w) £ (- [2)



A classical estimate

Theorem (Forelli-Rudin 80's)
For 3 > —2 and any € > 0, the following holds:

—|w 2\—¢
/ A=W 18 aviw) < (1 - 122) .

11— zw|?

Hence we may apply Schur's lemma with h(z) = 1 — |z|2.

The proof of the preceding estimate is well-known and uses
non-trivial asymptotic analysis; an alternate proof makes use of a
decomposition and residue calculus.

Essentially, we decompose into cases where |z| < 1/2 and
|z| > 1/2 to handle the singularity in the denominator.



Case 1: |z| < 1/2, so that

(A= IwP)ye s W)l V(o
/ wl V() ~ [ (1= wP) e dviw) <

1 —zw|?

for 5> —2and ¢ € (0,1).



Case 1: |z| < 1/2, so that

(1l W)l V(o
| Sl avw) ~ [ (1= )l aviw) <

for 5> —2and ¢ € (0,1).

Case 2: yz| > 1/2 and further subdivide into |w| < - and

Wl 2 o

If jw| < ﬁ then |1 — zw| > 1/2 and we proceed as above.



If [w| > 5L, then

/ (1 — |W|_2)_8 C/V(W)
lw|>

1 1—zw|?

do

) 27
— 1_ r2)¢
/1 r=r) (/0 1— 2r|z| cos 0 + 2|z ]2

d@) dr.



If [w| > 5L, then

mv
(1—|wf)—
—=—dV(w
/W|>212 |1 — zw|? (w)
1 27 do
— _2\—¢
_/21 r(1=r7) (/0 1—2r\z]c059+r2|z\2d9) dr.

Using residue calculus, the inner integral is comparable to
(1—r?z]?)71, and

1 (1 — r2 —€
[ S sa- ey

11— r?|Z|

2|z]

using a trivial overestimate.



Domains of lower regularity classes

If the boundary of Q is non-smooth, the range of p for which the
Bergman projection is LP bounded on is potentially smaller than
(1,00). There are also function spaces that are norm-bounded only
for the trivial exponent p = 2. Domains and function spaces that
have been studied include
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The projection on the disk
On D= {|z] < 1},

Bpf(z) :/Df(w) dV(w)

(1 — zw)?

The integral operator Bp is bounded on LP(D) for all p € (1, 00).
This also holds for D".

» The operator is unbounded on L*(ID) (logarithmically)

> A Caldéron-Zygmund decomposition shows that B is of
weak-type (1,1).

Historically, much work has been done in the case that our domain
is smooth or well-behaved (unit ball, unit disk, polydisk D", etc.)
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Weak-type regularity
A linear operator T acting on LP(X) is said to be of weak-type
(p, p) if

p
Hx e X |Tf(x)| > M} < C”:L‘p,

with ¢ > 0 independent of f.

If T is bounded on LP, it is of weak-type (p, p) by Chebychev's
inequality. But weak-type regularity is useful because of
Marcinkiewicz interpolation:

Theorem (Real interpolation)

If T is of weak-type (a, a) and of weak-type (b, b), then it is
bounded on LP(X) for all a < p < b.



Weak-type regularity of other singular integral operators

Consider the Hardy-Littlewood maximal function on R:

Mf(x) = su / )| d
() r>g|er’ Xr ’y

and the Hilbert transform:
1 f
Hf (x) := p.v./ & dy
™ RX—Y

» Both M and H are bounded in LP(R) for all p € (1, 00).
» Both are unbounded on L!, but they are of weak-type (1,1).

If given an operator that is known to be bounded on LP(X) for
some a < p < b, analysts generally expect it to be of weak-type
(a,a) and (b, b).
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Generalized Hartogs triangles
The generalized Hartogs triangle, H.,, is given by
H, = {(z1,2) € C* : |z1]" < |z| < 1}
for v > 0. In light of the following theorem, we are particularly
interested when v = 2 € Q.

Theorem (Edholm-McNeal '16)

The Bergman projection on H., (as above) is bounded on LP(H.)
only forp=2ify ¢ QF. Ify=m/n € Q", then the Bergman
projection is bounded on LP(H,,,,) if and only if

2m—+2n  2m+2n
m+n+1"m+n—-1)"



Our result in C2

As Huo-Wick did for the classical triangle, we proved that the
Bergman projection on the rational Hartogs triangle H,,,, satisfies

a weak-type estimate only at the upper-endpoint of LP
boundedness:

Theorem (C.-Koenig '22)

The Bergman projection on Hp,,, is of weak-type

2m+2n  2m+2n : 2m+2n  2m+2n
(m, m+n_1>, but is not of weak-type <m+n+1, m+n+1>.




Our result in C2

As Huo-Wick did for the classical triangle, we proved that the
Bergman projection on the rational Hartogs triangle H,,,, satisfies
a weak-type estimate only at the upper-endpoint of LP
boundedness:

Theorem (C.-Koenig '22)
The Bergman projection on Hp,,, is of weak-type

(M 2m+-2n ) but is not of weak-type <2m+2" 2m+2n )

m+n—1° m+n—1 m+n+1’ m+n+1

Question
Does this phenomenon extend to higher dimsensions?



Weak-type regularity on triangles in C3

Consider the natural analogue to the rational Hartogs triangle in
C3:

Hp = {(z1,22,23) € C: |2 < |2 < |z < 1},

where p € N3 and ged(p1, p2, p3) = 1.
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explicit form of the Bergman kernel for H, and S. Zhang (2021)
showed that B is bounded on LP(H,) if and only if
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Weak-type regularity on triangles in C3

Consider the natural analogue to the rational Hartogs triangle in
C3:

Hp = {(z1,22,23) € C: |2 < |2 < |z < 1},

where p € N and gcd(p1, p2, p3) = 1. Park (2019) computed an
explicit form of the Bergman kernel for H, and S. Zhang (2021)
showed that B is bounded on LP(H,) if and only if

pe <L%D7 %) , Where L = p1ps> + p1p3 + p2p3 and

D = gcd(p1p2, p1p3, P2p3).

Indeed, we observed the same one-sided weak-type phenomenon in
C3:

Theorem (C.-Koenig 2023)

The Bergman projection on H, is not of weak-type <L3TLD7 L%D)

but is of weak-type (%7 %)



Proof sketch of positive result

1. Obtain pointwise estimate on Bergman kernel using
asymptotics

2. Transform integral for weak-type estimate on H, to integral
on D2 using proper holomorphic maps.

3. Decompose integral on D3 into 8 cases, according to whether
|z1|, | 22|, | z3] is close to zero or bounded away from zero.



2L
L+D

We must exhibit a counter-example f, € LP(Hp) and constants ¢y
(with ¢y — 0o as A — 00) such that

Failure of weak-type regularity at lower endpoint p =

N

(21,22, z3) € Hp, : |Bf (21, 22, 23)| > A} > ¢ G



2L
L+D

We must exhibit a counter-example f, € LP(Hp) and constants ¢y
(with ¢y — 0o as A — 00) such that

Failure of weak-type regularity at lower endpoint p =

Hf/\H[Zp(Hp)

{(z1, 20, z3) € Hp : |Bfi(z1, 22, 23)| > A}| > ¢ P

Namely,

(21, 22, 23) = (21, 22, 23) = 2] ¥| 21| 2, ¥ | 20| 222

|Z3|b3a
where k, ¢ € NU{0}, a3 € N and by = b3()\) € R+

(We define f to be zero if z; = 0 or zp = 0).



Failure of weak-type regularity at lower endpoint p = Li—LD

We must exhibit a counter-example f, € LP(Hp) and constants ¢y
(with ¢y — 0o as A — 00) such that

Hf/\”ip(Hp)
{(z1, 22, z3) € Hp : |Bfi(z1, 22, z3)| > A}| > A
Namely,
A(z1, 22, 23) = f(z1, 22, z3) = 2 ¥| 21| 2, | 22| 25° | 23|,

where k, £ € NU {0}, a3 € N and bs = bs()\) € R*.
(We define f to be zero if z; = 0 or zp = 0).

This function f is loosely based on the two-dimensional examples
of Huo-Wick 2020 and C.-Koenig 2022.



Finding the LP norm and Bergman projection for f
For such f(z1,22,23) = 2y ¥|z1|¥Z; ¢ | 22|25 | 233,

273

PL 2ps 4 2ps3
(p2+1> <p(a3—i-b3)+ ) + 7 +2)

11, =



Finding the LP norm and Bergman projection for f
For such f(z1,22,23) = 2y ¥|z1|¥Z; ¢ | 22|25 | 233,
273

PL 2ps 4 2ps3
p2+1> (p(a3—i-b3)+ ) + 7 +2)
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By construction, the norm does not depend on k or £.



Finding the LP norm and Bergman projection for f
For such f(z1,22,23) = 2y ¥|z1|¥Z; ¢ | 22|25 | 233,
273

pL 2p3 4 2p3
2+ 1) (p(ag + bs) + 22 + 22 4. 2)

”fH,Ljp(Hp) = (

By construction, the norm does not depend on k or £.

Finding a closed form for the Bergman kernel on Hj, is difficult
(see, for example, J.-D. Park 2019).
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An alternate characterization of the Bergman kernel

A Riesz-Fisher argument can be used to show that the Bergman
kernel is realized by a series of the orthonormal basis elements of
the Bergman space. That is, if {¢j}f.i1 is an orthonormal basis for

A%(Q), then
B(z,w) = 3 ¢;(2);(w).
j=1

In our case, suitably normalized sums of three-variable monominals
can be taken as the orthonormal basis:

ol Q3
Wy Wy Wy

(1)

Wy wy? wg' H%z(Hp) ’

provided that the monomial wy" wy?w5™ is square integrable near
the origin.



Calculating the Bergman projection Bf (zi, z,, z3)
For our f,
Bf(Z]_,Z2,Z3)
:/ (ZlWl)al(szsz)"‘ (z3w3)™ ik
H

P acA || W2 W33H[_2H)

|W1‘kW2 Z|W2\Z 3!W3|b3

dV(Wl, wo, W3).
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Calculating the Bergman projection Bf (zi, z,, z3)
For our f,

Bf(Z]_,Z2,Z3)
:/ (21‘7‘/1)“1(22'7'/2)"‘ (23vT/3) ik
H

W2 W33H

|wa | Wy s | W52 | ws |
P acA ||
dV(Wl, wo, W3).

The set A of allowable indices consists of the triples
(a1, az,a3) € Z3 satisfying the following three conditions:

ag Z 07
o+ P2(ag +1) > -1,
p1

as+ 2o+ Plag +1)+1) > —1.
P2 P1



Taking advantage of orthogonality

By orthogonality,

/ (z1wy) (sz_Vz)o‘ (z3w3)3
H

b
= >
||W W2 2wy H H,)

K wa F s w5 ws

P acA
dV(wi, wo, ws)

vanish



Taking advantage of orthogonality

By orthogonality,

/ Z1W1 (sz_Vz)O‘ (23|7V3)
H

W2 W33H

P acA

vanish EXCEPT WHEN

a1 = k,

ar =4,

a3 —as.

K wa |f W wa [ W5R ws | P2

dV/(wi, wa, w3)



Taking advantage of orthogonality

By orthogonality,

/ (z1w1) (22V_V2)°‘ (23|7V3) ik
H,

4 l— b
||W W 2 3” |W1‘ W2 |W2‘ 3’W3| ?
2 3

P acA
dV/(wi, wa, w3)

vanish EXCEPT WHEN

a1 = kv
(8% :€7
3 = —as.

Since (a1, ap,a3) € Z3, it must be the case that k, /¢, and a3 are
integers.
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(This version of the function is similar to the one used by
Huo-Wick 2020.)
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If pp =p2 =1, we take / = k =0 so
f(z1, 22, 23) = 25°|z3|"

(This version of the function is similar to the one used by
Huo-Wick 2020.) Note also in the case py = p, =1
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Selecting parameters
If pr =p> =1, we take £ = k =0 so
f(z1, 22, 23) = 2*| 23|

(This version of the function is similar to the one used by
Huo-Wick 2020.) Note also in the case py = p, =1

H(171,P3) = {(21,22,23) € (C3 : |21| < |22‘ < |Z3|p3} ~ D x D* x D*.

Otherwise, if p1ps > 1, we choose positive integers £ and k such
that
lp1p3 + kpops + L — D = 0 mod (p1p2),

or equivalently,

(£+1)(p1p3) + (k+1)(p2p3) = D mod (p1p2).



Bézout's identity and allowable indices

By Bézout's identity, there exist x1, x2, x3 € Z such that

x1Pp1p3 + x2p2p3 + x3p1p2 = ged(p1ps3, p2ps3, pip3) = D.
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In particular,
x1p1p3 + xep2p3 = D mod (p1p2).

Adding a multiple of p1p> to x; and x> if necessary, we may
assume x1,x2 € N and then take /+ 1 =x; and k+ 1 = xp.
Thereby ensuring that k, ¢ € Z.
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In particular,
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Bézout's identity and allowable indices

By Bézout's identity, there exist x1, x2, x3 € Z such that

x1Pp1p3 + x2p2p3 + x3p1p2 = ged(p1ps3, p2ps3, pip3) = D.

In particular,

x1p1p3 + xep2p3 = D mod (p1p2).

Adding a multiple of p1p> to x; and x> if necessary, we may
assume x1,x2 € N and then take /+ 1 =x; and k+ 1 = xp.
Thereby ensuring that k, ¢ € Z.

Note that a; = k > 0 and ¢ + %(k+ 1) > —1 since ¢ > 0.
Finally, let

_Upips + kpops + L — D
as = >
p1p2

0.




25— ¢p1p3 + kpaps + L — D
p1p2

> 0.

Observe that a3 € N since
lp1ps + kpaps + L — D = 0 mod (p1p2).

Therefore, the triple (k,¢,—a3) € A C Z3.



_ tp1p3 + kpaps + L = D
p1p2

> 0.

Observe that a3 € N since

lp1ps + kpaps + L — D = 0 mod (p1p2).
Therefore, the triple (k,¢,—a3) € A C Z3.

Consequently,

z{‘zfz?)_a3
||W1 W§W3 a3||L2 H,)
8m zfz§z3 23

(k+2) (£+%(k+2)+2) (b3+”3 (£+ (k+2)+2)+2)'

Bf(z1,20,23) = / |wr | ¥ wa| | ws P dV (wi, wa, ws)




Selecting b3 € R
Working with the quantity
8r3

c(k +2) <£+%(k+2)+2) (b3+$(€+%(k+2)+2)+2)’

set v ={+ 2(k+2)+2 and b3:)\—5—%7—2, where § > 0 is
to be determined.



Selecting b3 € R
Working with the quantity
8r3

c(k +2) <£+%(k+2)+2) (b3+%(£+%(k+2)+2)+2)’

set v ={+ 2(k+2)+2 and b3:)\—5—%7—2, where § > 0 is
to be determined.

With this choice,

k_{_—az\o
Bf(z1,20,23) = cz1 2525 T \°,

and
273

1y = —
e

with ¢ > 0 independent of .

LS



Failure of weak-type estimate
Define

. 1 P3
H:= {(21,22,23) € Hp: (2|23|> < |z|Pr < |z2|P?* < |z3|P < 1}.



Failure of weak-type estimate
Define

1 P3
H:= {(21,22,23) € Hp: (2]230 < |z|Pr < |z2|P?* < |z3|P < 1}.
For A > 0,

{(21,22,23) € Hp - [Bf (21, 22, z3)| > A}
> {(21,22,23) cH: clzfz5z3 2N > )\}‘

P3
> [{(21,22,23) € s €'z 172200 > 0|

(21522723)Eﬁ:|z3|<( )\6 1)33 P3Z_,i;:13k}|

I
—

pP1pP2
(z1,20,3) EH : |z3] < " ()\5,1) LDH7



In the region

T P1P2
'{(2172%23) e H: ’23’ <" ()\6—1) L—D}‘

note that |z3| < 1 for A sufficiently large provided that § € (0,1).



In the region

_ PPy
‘{(21,22,23) EH: |z <" ()\5_1) L_D}’ (2)

note that |z3| < 1 for A sufficiently large provided that § € (0,1).
For such A\,

2p3 | 2p3

(2) = 7T2/ P1P2 77|Z3‘E+E dV(Z3),
{|Z3\<c~(vfl)m}

where

@ﬂ)

1—2_<P1 P2
n= 5
2

2p3 —2p3
1

2 A (1-27m)>0




Parameter blowup

Finally,
5 2p3 4 2p3
- iy 1220 V()
{|23\<c”()\5—1) I3 }
2 2
_ 77377 (C//)\(é—l)fl_D):f—i_s—'—z
B2+l

~ A1) H ”LP(HP ) \(6-1)p'+p—5



Parameter blowup
Finally,

203, 203

72 / oy 23 R dV(25)
{|23\<c”()\5—1) I3 }

3 2p3 | 2p3
_ —n -1 7 T 12
_&+&+1 ¢

P1

~ A1) H ”L"(Hp ) \(6-1)p'+p—5
Note that 1 < p < p’ so by choosing § € ( 7 1, ) the factor

AO=DP"+P=0 hlows up as A — co. (Recall ||fHLp(Hp) ~ \0).
Therefore, the weak-type estimate fails.
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