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Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976
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» Characterize the norm of the commutator

[b, T] : LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
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Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T]: LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b.
Recall:

» Hilbert transform - R:
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Introduction

Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator
[b, T]: LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b
Recall:

» Riesz transforms - R":

ey .- F((n+1)/2) X =Y
R ==y P f, TR
j=1...,n
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Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T] : LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
Recall:

» Calderén-Zygmund Operators - R”:

700 = [ K(x)f()dy
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theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T] : LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
Recall:

» Commutators:

[b, T|f := b(Tf) — T(bf)
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theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T]: LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b.
Recall:

» Bounded Mean Oscillation:
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» Characterize the norm of the commutator

[b, T]: LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b.
Recall:

» Bounded Mean Oscillation:

1
16l Bmo = SLC',p|Q\/Q|b(X)_<b>Q|dX
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Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T]: LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b.
Recall:

» Bounded Mean Oscillation:

1
1bllemo = SLC',p|Q\/Q|b(X)_<b>Q|dX
> (b)g = L

o] Jo b(x) dx.
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Introduction

Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T]: LP(R™) — LP(R"),
where T is a CZO, in terms of the BMO norm of b
Recall:

» Bounded Mean Oscillation:

1
16l Bmo = SLC',p|Q\/Q|b(X)_<b>Q|dX

> (b)g = ﬁf(} b(x) dx.

» HY(R") — BMO(R") Duality (Fefferman, 1971)
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Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T] : LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
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Introduction

Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator

[b, T]: LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
Upper Bound:

16, T] = LP — LP]| < | bllsmo

«O» «F» <«

it

v
it
v

Q>



Introduction

Starting point: Coifman, Rochberg and Weiss, Factorization
theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator
[b, T] : LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b.

Upper Bound:
I[b, T] - LP — LP|| < [|bllamo

Lower Bound:

n
Ibllamo <> Ik, Ri] : LP — LP||.
=1
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Introduction

GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] : LP(R") — LP(R"),
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T]: LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b.
Recall:

» Weight: non-negative, locally integrable function w on R".
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GOAL: two-weight version of Coifman, Rochberg and Weiss

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T]: LP(R™) — LP(R")

where T is a CZO, in terms of the BMO norm of b
Recall:

> Welght non negative IocaIIy integrable function w on R”

- LP(w): [ IF(lPw(x
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» Characterize the norm of the commutator
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where T is a CZO, in terms of the BMO norm of b.
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] : LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
Recall:

» Weight: non-negative, locally integrable function w on R".
> LP(w): [1F(x)IP dw

» One-weight Inequalities: T : LP(w) — LP(w)
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T]: LP(R") — LP(R"),
where T is a CZO, in terms of the BMO norm of b.
Recall:

» Weight: non-negative, locally integrable function w on R".
> LP(w): [1F(x)IP dw

» One-weight Inequalities: T : LP(w) — LP(w) — mostly v/
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GOAL: two-weight version of Coifman, Rochberg and Weiss,
Factorization theorems for Hardy spaces in several variables, 1976

» Characterize the norm of the commutator
[b, T]: LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
Recall:

» Weight: non-negative, locally integrable function w on R".
> Lo(w): [ IF()IP diw

» One-weight Inequalities: T : LP(w) — LP(w) — mostly v/
» Two-weight Inequalities: T : LP(u) — LP(N)
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Introduction

GOAL: two-weight version of Coifman, Rochberg and Weiss,
Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] : LP(R") — LP(R"),

where T is a CZO, in terms of the BMO norm of b.
Recall:

» Weight: non-negative, locally integrable function w on R".

> LP(w): [IF(x)|P dw
» One-weight Inequalities: T : LP(w) — LP(w) — mostly v/
» Two-weight Inequalities: T : LP(u) — LP(\) — much harder!
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, in terms of the BMO norm of b.

«0» «F» «E>»

4

v
it

Q>



Introduction

GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),
norm of b.

where T is a CZO, p, A are A, weights, in terms of the BMO
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, p, A are A, weights, in terms of the BMO
norm of b.

Recall:

> A, weights:

[W]a, = S (W) (w92
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» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, p, A are A, weights, in terms of the BMO
norm of b.

Recall:

> A, weights:

[W]a, = S (W) (w92

» Muckenhoupt, Hunt, Wheeden (1970's)
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, p, A are A, weights, in terms of the BMO
norm of b.

Recall:

> A, weights:

[W]a, = S (W) (w92

» Muckenhoupt, Hunt, Wheeden (1970's)
» M:LP(w) = LP(w) & weA,

«O» «F» <«

it
v
a
U
v

Q>



Introduction

GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, p, A are A, weights, in terms of the BMO
norm of b.

Recall:

> A, weights:

[W]a, = S (W) (w92

» Muckenhoupt, Hunt, Wheeden (1970's)
» H:[P(w) = LP(w) & weA,
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Introduction

GOAL: two-weight version of Coifman, Rochberg and Weiss,
Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; ) — LP(R"; N),

where T is a CZO, 1, A are A, weights, in terms of the BMO
norm of b.
Recall:

> A, weights:

w]a, = sup (w) g (wl—9)P1
[ ]Ap QP< >Q< >Q

» Muckenhoupt, Hunt, Wheeden (1970's)
» H:LP(w) — LP(w) & we A,
> A weights:

[w]a, = sgp<W>o (w)e
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norm of b.
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),
norm of b 77

where T is a CZO, p, A are A, weights, in terms of the BMO
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GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, p, A are A, weights, in terms of the BMO
norm of b 77
Recall:

» OK in the one-weight case y = A.
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» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, p, A are A, weights, in terms of the BMO
norm of b 77
Recall:

» OK in the one-weight case y = A.
> What if u # \?

«O» «F» <«

it
v
a
U
v

Q>



Introduction

GOAL: two-weight version of Coifman, Rochberg and Weiss,

Factorization theorems for Hardy spaces in several variables, 1976
» Characterize the norm of the commutator

[b, T] :LP(R"; u) — LP(R"; N),

where T is a CZO, p, A are A, weights, in terms of the BMO
norm of b 77
Recall:

» OK in the one-weight case y = A.
» What if u # A7 Bloom!
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Bloom (1985)

[b,H]: LP > LP

bounded

b € BMO

1
Ibllswo = suprar fQ |b(x) — (b dx
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Bloom (1985)

[b,H]: LP (W) — LP(w)

bounded

b € BMO

1
Ibllswo = suprar fQ |b(x) — (b dx
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Bloom (1985)

[b, H]: LP (1) = LP (1)

bounded

b € BMO

1
Ibllswo = suprar fQ |b(x) — (b dx
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Bloom (1985)

[b, H]: LP (1) = LP (1)

bounded

1
Ibllswo = suprar fQ |b(x) — (b dx
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Bloom (1985)

[b, H]: LP (1) = LP (1)

bounded

b € BMO(v)

1
Ibllswo = suprar fQ |b(x) — (b dx
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Bloom (1985)

[b, H]: LP (1) = LP (1)

bounded

b € BMO(v)

V= Ml/p /1_1/19

1
Ibllswo = suprar fQ |b(x) — (b dx
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Bloom (1985)

[b, H]: LP (1) » LP(1)

bounded

V = 'ul/p l—l/p

1
b = sup— f I
| ”BMOOU Qp|Q| Q| ) Q|

<O> <F> <E>»
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Bloom (1985)

[b, H]: LP (1) = LP (1)

=)
bounded

b € BMO(v)

WV = Ml/p ,1_1/10

1
Ibllawo) = sup5 s fQ Ib(x) — (bo| dx
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Bloom (1985)

[b, H]: LP (1) = LP (1)

=)
bounded

b € BMO()

V= 'ul/p ,1_1/10

1
Ibllamoe) = supy s fQ Ib(x) — (bo| dx
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Bloom (1985)

[b, H]: LP () » LP(A)

bounded

DA



Bloom (1985)

[b, H]: LP (1) = LP ()

bounded

b € BMO()

» Extend to all CZO’s T on R"
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Bloom (1985)

[b, H]: LP (1) = LP ()

bounded

b € BMO()

» Extend to all CZO’s T on R"

» Long-term: Extend to multiparameter setting
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Bloom (1985)

[b, H]: LP (1) = LP ()

bounded

b € BMO()

» Extend to all CZO’s T on R"

» Long-term: Extend to multiparameter setting
» Dyadic approach
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CRW:

Upper Bound:

I[b, T]: LP — LP|| < |[bllmo

Lower Bound:

1bllBmo S D Ik, R < LP — LP||.
=1
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Main Results (H., Lacey, Wick):
Upper Bound:
1[b, T]:

Lower Bound:

1blamo <) IIlb, Rl < LP — LP||.
j=1
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Main Results (H., Lacey, Wick):
Upper Bound:
1[b, T]:

Lower Bound:

1blamo <) IIlb, Rl < LP — LP||.
j=1

16l smO(v) =




Main Results (H., Lacey, Wick):
Upper Bound:
1[b, T]:

Lower Bound:

S lb R
j=1

11
W = ,UP/\ P

Ibllawo) = sup /rb

o ldx
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Upper Bound: Strategy

116, T1 = LP(p) = LP(A)l S lIbllBmow)
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Upper Bound: Strategy

116, T1 = LP(p) = LP(A)l S lIbllBmow)

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]

«0» «F» «E>»

4

it
v

Q>



Upper Bound: Strategy

116, T1 = LP(p) = LP(A)l S lIbllBmow)

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
I1. Bound:

[I[b, Dyadic Shift] : LP(u) — LP(A)]| < (16l smow)
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Upper Bound: Strategy

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
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Upper Bound: Strategy
bounding

l. Use a Representation Theorem to reduce the problem to

[b, Dyadic Shift]
Dyadic Grids: Dq
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Upper Bound: Strategy
bounding

l. Use a Representation Theorem to reduce the problem to

[b, Dyadic Shift]
Dyadic Grids: Dq
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Upper Bound: Strategy
b-ounding

l. Use a Representation Theorem to reduce the problem to

[b, Dyadic Shift]
Dyadic Grids: Dq
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Upper Bound: Strategy
b-ounding

l. Use a Representation Theorem to reduce the problem to

[b, Dyadic Shift]
Dyadic Grids: Dq
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Upper Bound: Strategy
l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
Dyadic Grids: D,
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l. Use a Representation Theorem to reduce the problem to
bounding
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Upper Bound: Strategy

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
Dyadic Grids: D,

» |l|=2"%keZ VI eD;
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Upper Bound: Strategy
bounding

l. Use a Representation Theorem to reduce the problem to

[b, Dyadic Shift]
Dyadic Grids: D,

» |l|=2"%keZ VI eD;
» INJe{0,1,J}, VI, Je D;
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Upper Bound: Strategy
bounding

l. Use a Representation Theorem to reduce the problem to

[b, Dyadic Shift]
Dyadic Grids: D,

» |l|=2"%keZ VI eD;
» INJe{0,1,J}, VI, Je D;

» [/ €D: |I| =27k} forms a partition of R
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Upper Bound: Strategy

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
Haar Functions: | € D

1
hy = —— (1, —1
: m(lf )
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Upper Bound: Strategy

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
Haar Functions: | € D

1
hy = —— (1, —1
: m(lf )
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Upper Bound: Strategy

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
Haar Functions:

{h; : 1 € D} = onb for L°.
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Upper Bound: Strategy

l. Use a Representation Theorem to reduce the problem to
bounding

[b, Dyadic Shift]
Haar Functions: N
f=> f(I)h
€D
I_ I,
I
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Upper Bound: Strategy
l. Use a Representation Theorem to reduce the problem to
bounding
[b, Dyadic Shift]
Petermichl’s Dyadic Shift:

L f = \% SR (e — by)

1€D,,
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