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If 11 is a finite, positive measure, whose support is a compact subset of the
complex plane containing infinitely many points, the associated
orthonormal polynomials are uniquely determined by
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The corresponding monic orthogonal polynomials are

P.(2z) = ki, pa(z), n>0.



The aim of this talk is to communicate an idea that, in some instances,
can be used to extricate the asymptotic behavior of {p,(z)} out of its
reproducing kernel

K(z,¢) = i Pn(2)Pn(¢)
The reproducing property is that "~
Q) = [ K(z.0)Q()du(c)
for every polynomial Q.

The method has its own limitations, but | believe some ideas will be
fruitful in contexts other than those discussed here.



How can we find the kernel

K(z,0) = pa(2)Pa(C)
n=0

if we don't know the polynomials P,?



How can we find the kernel

K(z,Q) =3 pu(2)pnl©)
n=0

if we don't know the polynomials P,?

Sometimes, the polynomials are a dense subset of some Hilbert space of
analytic functions in which point evaluation functionals f +— f(({) are
bounded and the unique function K(z,() such that

f(C) =< f? K(aC) >
happens to be

K(z,0) = pal2)pa(0):
n=0



Here are some examples.
o If du = i|dz| is the normalized arclength measure on the unit circle
|z| =1, then

K(27C) = 1_1

=, |zl,|¢(] <1
2 Il



Here are some examples.

o If du = i|dz| is the normalized arclength measure on the unit circle

|z| =1, then
1
K(z,()=——, |z],|¢| <1
0=1"7 kL
o If du = LdA is the normalized area measure on the unit disk |z| < 1,
then 1
K(27C):7 ’Z|7|C|<1

[1-z¢>



Here are some examples.
o If du = i|dz| is the normalized arclength measure on the unit circle

|z| =1, then
1
K(z,()=——, |z],|¢| <1
0=1"7 kL
o If du = LdA is the normalized area measure on the unit disk |z| < 1,
then 1
K Z, = -, zZ|, <1
0= Il

o If du= %|D(z)|2\dz| on |z| =1, where D(z) is analytic and never
zero on |z| < 1, then
1
[1 - 2{]D(2)D(¢)’

K(z,¢) = 2], I¢] < 1



Here are some examples.
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Here are some examples.
o If du = L|D(2)|?| [TxL1(z — ak)|?|dz| on |z| = 1, with |ax| < 1, then

1 1

K ) = @D (0 T~ 32— 20)




Here are some examples.

o If du= %dA is the area measure restricted to the interior G of some
Jordan curve L, then

K(z,() = @(Z)@ ,
== smeor

where ¢ is any conformal map of G onto the unit disk |z| < 1.

z,( € G,



We will illustrate the “blue print” to follow by considering the case of
polynomials orthogonal over circular multiply connected domains.

Two things worth highlighting are that orthogonality is with respect to
planar measure and the domain of orthogonality is multiply connected.
There are not many resources to handle these features.



We will illustrate the “blue print” to follow by considering the case of
polynomials orthogonal over circular multiply connected domains.

Two things worth highlighting are that orthogonality is with respect to
planar measure and the domain of orthogonality is multiply connected.
There are not many resources to handle these features.

Some notation we will use:

D, :={z:|z] < r}, T,:={z:|z| =r}



Circular Multiply Connected Domains (CMCDs)

Let ID; be the unit disk, and let D1, D5, ..., Dy be N > 1 closed disks
inside the unit disk that lie exterior to each other:

@%

Consider the multiply connected domain
D =Dy \ (Uﬁllek> .

We refer to D as a circular multiply connected domain, or a CMCD.



Circular Multiply Connected Domains (CMCDs)

Then, we consider polynomials p,(z), n =0,1,2,..., orthonormal over D:
pn(2) == knz" +---, n>0,

i/@pn(z)pm(t)dA(Z) = {2 Zi:

and the associated monic orthogonal polynomials

P.(z) = /iglp,,(z).

We want to understand how p,(z) behaves as n — co.




Construction of expansions

Let Mp(z, () be some modified Cauchy kernel, meaning that

M@(Z, C) M@(Zv C)

(—z

where j\?th(Z, () is analytic in each variable for ¢ in some annulus
p < |¢] < 1/p and z is some open disk |z| < 1/p, p < 1.

For instance, we could take Mo (z,¢) = A(¢)B(z) the product of two
entire functions.



For every n > 0, we construct a series of functions as follows:
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Assuming the function f, >4 has been defined as an analytic function in
|z| # 1, with analytic boundary values f, 2x(¢)+ on the circle unit Ty from
the positive side, we set
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For every n > 0, we construct a series of functions as follows:

fn,O(Z) =1, zeC.

Assuming the function f, >4 has been defined as an analytic function in
|z| # 1, with analytic boundary values f, 2x(¢)+ on the circle unit Ty from
the positive side, we set
1 n
fook+1(2) == —5—= Mop(z,¢) ("faok(C)+ d¢, z€ Dy, \ Ty
2l Jigl=1

Assuming the function f, 2441 has been defined as an analytic function in
Dy, \ T1, with analytic boundary values f, 2x11(¢)- on the circle Ty from
the negative side, we set

_ L "o 2k41(€)
27 I¢|=1 C —Z

—d(, |z| #1

fook+2(2) :



Then, one can prove that for all n sufficiently large,

2" ho(z), Izl > 1,

Po(z) =9 K°

=Y fakia(2), |zl <1,
k=0

is a monic polynomial of degree n, and so is

:1+1(Z)
n+1

as well.
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/@ipanrl(Z)Z’”dA(z)
1
0
(ﬁzl [azwz’ O] SART(ON d<] Z7dA
ZmdA(2)

27i Jp

_ n+1
o \c|:1C T Fa(¢)+ </® [8823\/[@(2, ()] zmdA(z)> d¢



/ :PnJrl ZmdA

27i Jp

_ 1 0 z ntl zMdA(z
- - (ﬁ: {azw Al Fn+1(<)+d<] dA(2)

i n+1F

2mi m:lc n+1(Q)+ </@ [;ZM@(Z,C)] z’”dA(z)> d¢

If we now choose

where




| Pra@manc)
D

- R0, ( A [;ZMD(LC)} z’”dA(z)) dc

_ i n—1 ~Y>m
=5t b @ (f Koz 10708 )
¢m
1 e m—1 0, 0<m<n-1
= o |§|:1< Fn+1(<)+dc - {WFI‘I+1(O)7 m=n.



Then the choice ( /,)
0 _ Kop(z,1/¢
@MD(Zv C) -

will do. Now our task is to find

[e.9]

:KD(Zy C) = Z Pn(Z)Pn(C)

k=0




Onren®

There is a unique automorphism X of the unit disk of the form

zZ—a

Az) =

1-2z3

such that A(D) is a disk centered at the origin.



For each k € {1,2,..., N}, let

o
Z— a
M(z) = a

1—3,z
be such that Ax(Dx) is a disk centered at the origin.
@ oy denotes the radius of Ax(Dy), and

° )\;1 denotes the inverse of Ag.



For each k € {1,2,..., N}, define the transformation

Te(z) = A\ Hoi(2)], zeC.



For each k € {1,2,..., N}, define the transformation
Ti(z) = )\;1[0’,%)\;((2)], zeC.
Let T denote the family of functions v of the form
T=T, Tk, 1 TikTk, 1<k <N, neN,

together with 79(z) = z.

Here, each function 7 as above is a Mobius transformation that takes D
into Dy, .
Let

rJ'k:{T:T:Tk-”}, k:].,...,N.



Let
pi=max{|ax| : 1 < k < N}

The series Y. |7'(z)| converges for all |z| < 1/p and

Kn(2,0) =3 7'(2)

——7 9 D-
L g o™




Then ( /7)
) Ko (z,1/C
@MD(L Q) = %

can be accomplished by choosing, for instance,

W0ie0= 1 B [ e

where
T =T\ {0}

Then, after some work using the series expansions, we can get the
following results.



Let
pi=max{|ax| : 1 < k < N}

Theorem

For n sufficiently large, we have
Pa(z) = [r(2]"7(2)[1 + o(1)], z €Dy,
T€T

locally uniformly as n — oo in Dy,,. Equivalently,

N
Pn(z) =2"-[1 4 o(1)] + Z Pu(Tj(2))Tj(2), z€Dyy,.
j=1




The behavior of P, is mostly determined by those ay with largest modulus.
Suppose

p=la1| =laz| = =|as| > |asy1| = -+ > |an]

@F



The behavior of P, is mostly determined by those ay with largest modulus.
Suppose

p=la1| =laz| = =|as| > |asy1| = -+ > |an]




Theorem
(i) Forallre (p,p71),

P.(z)

zn

=1+00), lz[=r,

where

-1
= a T; < 1.
Nri=r 15,-;"5,|Xz|:r’ (2)]

(i) When |z| =p but z & {a1,...,as},
Pn(nz) :1—{—0(;‘;)’

V4

while for z = a;, 1 < j <5,




For the asymptotics on |z| < p, we need a few items:
1

0; .= Arga;, pj:= =% T ={Tjr:7€T}
j

H :={z:Re(z) <0}

For each 1 < j <'s, we define

t) = tZUfV exp(ﬁjvf"t), teelK
vEZL

and

Jjn(z): Z A i(nX\i(T(2))7(2), z€ED,.

rET\T;

The functions J; , are bounded on compacts of D,,.



Uniformly as n — oo on compacts of |z| < p,

nP (Z) 2 in6 <1)
1_ ig: n —
" )lee e n




In the case s = 1 of just one disk removed, say with a; > 0, the formula
takes the shape

nPp(z)
aj

- & om0 (1),



In the case s = 1 of just one disk removed, say with a; > 0, the formula
takes the shape

nPn(z) (1_ 2 M(2) n\(z 1
— tZal exp(B1o3"t), M(z) = 12—_;112

VEZ



Given a subsequence {nx} C N, the sequence {©1(nkt)} converges
normally on Re(t) < 0 if and only if

lim (log,2 nk) = q € [0,1),
k—o00 1
in which case

lim ©1(nkt) = ©1(039t)

k—o00
and thus by the asymptotic representation,
mPa(2) _ N(2)(1-3R)
- 1

. o 2q
kh—>nc1>o ar” - A1(2) (017 A1(2)).




Thus, the sequence {na; "P,(z)} has for normal limit points on |z| < a1
the continuous one-parameter family of functions

_M 0_2q 2))
{ A1(z) ©1(01"M(2)) - g€ [071)}-



How about the zeros of P,?

Most of them will accumulate toward the circle |z| = p.



Zeros of P, for n = 40



—
—

/

Zeros of Py

N
Y

—

for n =50



Thank you!
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