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Zeros of Jacobi polynomials: Electrostatic approach

Jacobi polynomials
w@B(z) =1 -z)*1+2)?, a,f> -1

1
/ z* P (2) @B (z)de = 0, k=0,...,n—1
—1

1
21n!

for (o, B) € C.

B () =

(z—1)"(z+1) " (i)n [(z —1)mte(z 4 7)o
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Zeros of Jacobi polynomials: Electrostatic approach

n free unit charges in (—1,+1)
Two positive charges at the endpoints: @ in +1 and b in —1
Charges interact according to the logarithmic potential

Equilibrium problem: To find the positions z1, ..., x, for the free
charges in order to minimize the (logarithmic) energy of the system

n n
E(xy,...,2p) = 72111\:1;1- —z;| — aZln\l —xz;| — bZlnH + x4
1 i=1

i<j i=
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Zeros of Jacobi polynomials: Electrostatic approach

E(x1,...,x,) attains a global minimum on the simplex
—1 <2 <...<xz, <1. This minimum is attained in an “inner
point: —1 <z} <3 <...<ux, <+1

oE , , N
(971]\(1:1, X ) = 0, ]{7:1,...,71

g#k kI Tk
n
Qn(z) = [[(= —27),
k=1
1o, & b oy
n(%) x,—1 xp+1
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Zeros of Jacobi polynomials: Electrostatic approach

Polynomial (2% — 1)Q" (z) + 2 (a(x + 1) + b(x — 1)) Q' (z), of
degree < n, has the same zeros as (), that is:

(2% = 1)Qn () + 2 (a(z +1) + b(z — 1)) Qn () = MQn()
Jacobi differential equation:
(@® = 1)y"(2) + [-B+ a+ (a+ B+ 2)z)y' (2) = n(n + a+ B+ Dy(z)

= The minimum energy takes place when free charges are located
on zeros of the Jacobi polynomial @), = Py(la"d),

witha=2a—1land =2—1 =

a+1 : B+1
, b=
2 2
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Extension: Unbounded intervals

Laguerre polynomials: L (x)
w(z)=2%e", z € (0,00), a > —1

n positive unit charges in [0, +00),
a positive charge p at the origin.

Additional restriction:

n n
Z:L‘k < Kn — Zxk = Kn — Lagrange multipliers...
k=1 k=1

Modern viewpoint (Ismail, 2000 ...): Action of the external field

o(x) =z, z € [0,00)
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Extension: Unbounded intervals

Hermite polynomials: ()

*ze (—00,00)

w(z)=e"
n positive unit charges in R.

Additional restriction:

n n
ZJL% < Kn — Za:% = Kn — Lagrange multipliers...
k=1 k=1

Modern viewpoint (Ismail, 2000 ...): Action of the external field
2

o) = 5,z €R
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

Simple example: Jacobi-Angelesco Polynomials.

V. Kaliaguine (1979); V. Kaliaguine, A. Ronveaux (1996).
Polynomials P, ,, € P9, satisfying the following system of
orthogonality conditions:

1
/ 2" Pon(2)(1 — 2)*(1 + 2)Pade =0,k =0,...,n - 1,
0
0
/l’kPn,n(l‘)(l ~2)*(1+2)°|2"dz =0,k =0,...,n 1,
21

where o, 5,7 > —1.
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

Since intervals [—1,0] and [0, 1] have disjoint interiors = P, ,,
has exactly n simple zeros in each interval.

Pn,,n, (517) = Pn ('/L)) dn (:1;) ;

where p,, () = kﬁl (x —zg) and g, () = [] (x — yx), with

{xk}i_; € (0,1) and {yr}r_; C (—1,0).
@ Rodrigues Formula
e O.D.E. (3rd order!)

?::]:

1
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

‘M.o.?. [

?nm () = Paxd. Qutx)

b>o C>o Q>0

-""“"ﬁov"—~-ﬁ+u
\-’\N w
%u‘q 0_‘ 9., 2engs O; Y
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

Jacobi case:

1
PP minimizes / (z)?(1 — 2)%(1 4 )P d
—i
v+ 1 5+1
o+ b +

2 772

a =

Jacobi—Angelesco case:
Poun(z) = pn(x)lqn(a:) where

pn, Minimzes /0 ()2 qn(x)(1 — 2)*(1 + )P 7 da

0
¢n, Minimzes / (z)?pn(z)(1 — 2)*(1 + 2)? |z|" d=
—1

—> It suggest to try an electrostatic setting where the mutual
repulsion between charges of the same interval is twice the
corresponding repulsion between charges of different intervals!
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

E(x1,...,TniY1y- - Yn) =

1 1
2 Y o 2 Y Do ()
g<’xi_$j> 5 lyi — vl

1<i<j<n 1<i<j<n

log [ ——— log [ ——— 1
> °g<\xi—yﬂ> o (; Og<m—1\> +2 log (m—u))

ij=1

+b (%103; <xiil>:ilog (M))
+e (;log <‘;’> +;log <yl>>

Do the zeros of P, , minimize (or define a critical configuration, at

least) of such energy functional? NOT!!!
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

ACTUAL SOLUTION:
A. Martinez Finkelshtein, R.O., J. Sdnchez Lara (2021).

AU
DER)E] T, gﬁ?
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

We associate to P, , two electrostatic “partners” .S, 1,5, 2, such
that:

@ Sp1,S5n,2 have degree n 41

o At least n — 1 zeros of Sy, 1 (resp. Sy 2) lie on (—1,0) (resp.
(0,1)) and interlace with those of g, (resp. py)
If we assign a charge of value —1/2 (“attractive”) to each zero of
Sn,1 (resp. Sy2), then the zeros of P, , define a critical
configuration for each of the following electrostatic problems:
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

Equilibrium problem
@ A charge of value +1 placed at each zero of P, ,
a+1 v+1 Bg+1

2 7 2 7 2
respect., atx =1,z =0,z = —1.

@ Positive charges of values

, placed,

o Negative charges of values —1/2 placed at the zeros of Sy, 1
(resp., Sp,2), n — 1 of which interlace with those of ¢, (resp.,
Pn).-
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Open problem: Hermite-Padé Polynomials (MOP). An
electrostatic model?

05

—10|

Figure: zeros of p, (empty circles, all on [—1,1]) and of S, 1 (filled
circles, all on [0, 1]) for n = (15, 15).

Ramén Orive. rorive@ull.es MWAAZ2022, October 7-9 2022.



Open problem: Hermite-Padé Polynomials (MOP). An

electrostatic model?

200 |-

100
- N I
37 1

-100 -

-200
Figure: Graph of p, (dashed line) and Sy > (thick line) on [0,1] for
n = (4,4) in the Appell's case: = =~ = 0.
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Multiple orthogonal polynomials of type Il

e Ay, Ay C R, w; positive weightson A;,i=1,2,
n= (nl, ng).
@ Py, of degree N = nj + ngy, provided it exists, satisfying

-0 i <n;—1
B )

/. (@) { Lo o

@ We assume that both weights are semiclassical:

wh(x) B; .
1 2 =12,
w;(z) A’ ! ’
o; := max{deg(A4;) — 2,deg(B;) — 1}, i=1,2.
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Multiple orthogonal polynomials of type Il

Now, pn has two electrostatic partners: Sy 1,Sh 2, of respective
degrees ng + 01,n1 + 09.

Pair of ODEs
Dn, of degree N = n; + ny, assuming it exists, satisfies the pair of
ODEs:

AiSn;iy" + (AjSni — AiSp; + BiSni)y' + Caiy = 0.

Denoting by zn 1, k= 1,..., N, the zeros of py,

Al B: S’
" 7 ] / —
Y (Tnk) + < iy Sm) (@n k)Y (Tnk) =0
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Multiple orthogonal polynomials of type Il

Equilibrium problem
@ A charge of value +1 placed at each zero of p,. These
charges repel each other.
@ Positive charges at the endpoints of the supporting intervals
of the weights w; , i = 1,2. They are also repellent.
o Negative charges of values —1/2 placed at the zeros of 5, ;
(resp., Sy.2).
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Multiple orthogonal polynomials of type Il

This general electrostatic model is still formal: in general, the fact
that the degree of p, is maximal, as well as the simplicity and
location of its zeros are not guaranteed ( “normality”) =—

We need to impose additional restrictions

Particular cases studied in the literature
@ Angelesco setting: Intervals with disjoint interiors.

@ Nikishin setting: Matching intervals, different weights related
by a condition.

@ Rakhmanov and others’ setting: Overlapping intervals and
weights related by a Nikishin-type condition.
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Angelesco setting

o A, Ay CR, AlﬁAQZQ)
@ w1, wy semiclassical weights. Polynomial p,, satisfies ny
orthogonality conditions on Ay, and ny on As, with
n= (nl,ng) and N = nq + no.
Under these assumptions, pn is normal (of degree N) and has
exactly n; simple zeros in A;, i =1, 2.

electrostatic partners

Polynomial Sy 1 (respect. Sn2) has ny — 1 (respect. n; — 1) zeros,
out of a total of ny + o1 (resp. ny + o2) interlacing with those of
Pn on Ag (respect. Ay).
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Angelesco setting

Electrostatic model
The N = nj + no zeros of py,, equipped with unit positive charges,
are in equilibrium in the external field created by the orthogonality
weights wy, wy and
@ charges of value —1/2 (“attractors”) placed at the zeros of
Sn,1; or
@ charges of value —1/2 (“attractors”) placed at the zeros of
Sn,Q.
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Angelesco setting

Example. APPELL's polynomials:
wl(az) = wQ(SC) = 1; Al = [—1,0], AQ = [0, 1].

1.0+

051

-1.0 -0.5 H 0.5 1.0

10l

Figure: zeros of p, (empty circles, all on [—1,1]) and of S, 1 (filled
circles, all on [0, 1]) for n = (15, 15).
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Nikishin setting

Nikishin (1980) proposed an elegant AT—system wy, wy. We
present a slightly generalized version of it:

(] A1:A2: [a,b]

w2($) d v

* o) = M@lu@), u@) = [ 52, @b n(ed =0
and II an arbitrary polynomial of degree m without zeros in
((17 b) U (C, d)

But we also have to impose an important restriction:
@ w; and u must be semiclassical.
Example: wi(z) = |z — a|® |z — b|?,
wo(x) = |z — al® |z — blP|lz — ¢|Y |z — d|°, = € (a,b), with
(a,b) N (¢,d) =0 and o, 8,7,6 > —1. and 7,0 ¢ Z, v+ 0 € Z.
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Nikishin setting

Electrostatic model
@ /=min(ng — 1,n1 —m), m = deg(Il)
@ p, has at least ny + ¢ + 1 sign changes on (a,b)
@ Sp1 has at least £ sign changes in (c, d).

Ifng <m;—m+1,sothatf =ny — 1 —

Pn has exactly N = n; + ng simple zeros in (a,b), while S, 1 has
> ng — 1 zeros in (¢, d), exactly as in the classical Nikishin setting
(m =0).
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Nikishin setting

LN'\ u'\s..mvl

2¢r0) of Sp,

@ b c d

d

W, (¢
L ) Ree) ey, u_(,‘,tf dell)

C
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Rakhmanov's setting

Overlapping intervals: Aptekarev (2008), Aptekarev and Lysov
(2011) ..
A particular Rakhmanov’s case: Rakhmanov (2011)

e Diagonal setting: n1 =ny=n, n=(n,n), N =2n

e A C Ay

@ Nikishin type condition: wa(2) = u(x),
w ()

u(@) = [, 24, AN Az =0
Rakhmanov proved that at least N — 5 = 2n — 5 zeros of p, lie on

As.
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Rakhmanov's setting

But ... what about its electrostatic partners Sp;, i =1,2777

Observe that, by orthogonality, pn, has n + r zeros in -Aq, with
0 <r<mn,and s zeros in Ag \ Ay, with 0 <s<mnandr+s<n.
Then, we proved that:

Zeros of Sp 1

Shn1 has at least s — 2 zeros in Ay \ Ay, which interlace with those
of pn placed there, and at least » — 3 in Ags.
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Rakhmanov's setting

OVERIAPPiNbL INTEAVALS
(RAu xANOV'S case)

A, By
_ _

~

A,

(4 ZCC‘O_\ Q_} ’Pﬂ
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Electrostatic partners

BUT...WHO THE HECK ARE THESE GUYS?7??
Sni,i=1,2277

Electrostatic partners

~

Pn DPni
S . —D. . = det ~ 7 D,
n, Wy [p“] (Azp:, A; (pn,i)/ - Bipn’i>

w;,  B; _ pa(t)wi(t)
" —Ai,pn,xx)—/A DD gy

i
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Electrostatic partners

We have applied this electrostatic approach to several examples
studied in the literature:

Jacobi polynomials with non-standard values of parameters.
Multiple Hermite polynomials.

Multiple Laguerre polynomials of first and second kind.

°
°

@ Jacobi-Pineiro polynomials.

@ Angelesco-Jacobi polynomials.
°

Multiple orthogonal polynomials for the cubic weight.
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GREETINGS FROM TENERIFE

THANK YOU SO MUCH!!!
MUCHAS GRACIAS!!

Teide: Volcano in Tenerife
(January 2022)
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