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The restriction estimate (extension estimate)

Let 1 be a positive Borel measure supported on a compact set in RY. We
consider the estimate

||, .0y Soa IFlags

P(RT)

where

) = [ ) du(x).

A Sp,g B means A < C, 4B where the constant Cp, 4 only depends on p
and gq.
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The restriction estimate (extension estimate)

Let i be a positive Borel measure supported on a compact set in R?. We
consider the estimate

&z

LP(RY) SP#-’I HfHLq(H)

where

() = [ 00 dn(x).

@ If u is a surface measure on a smooth manifold (for example,
paraboloid, cone or moment curve), the estimate is related to
dispersive PDEs.
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The restriction estimate (extension estimate)

Let i be a positive Borel measure supported on a compact set in R?. We
consider the estimate

Hfdﬂ Se.a HfHLq(#)

LP(RY)

where

() = [ 00 dn(x).

@ If u is a surface measure on a smooth manifold (for example,
paraboloid, cone or moment curve), the estimate is related to
dispersive PDEs.

@ In this talk, we are interested in when p is supported on a fractal set
(for example, Cantor set).
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The restriction estimate (extension estimate)

@ We are interested when g = 2.

&z

ey S 1Pl 1)
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The restriction estimate (extension estimate)

@ We are interested when g = 2.

&z

ey S 1Pl 1)

@ There is but two serious function space, and they are L? and L!
(or L? and L>).
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The restriction estimate (extension estimate)

@ We are interested when g = 2.

&z

ey S 1Pl 1)

@ There is but two serious function space, and they are L? and L!
(or L? and L>).

@ We have trivial estimate

] gy = 102

and we can interpolate with (1)
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The restriction estimate (extension estimate)

Stein- Tomas theorem

Let u be a surface measure on the d — 1 dimensional paraboloid
= {(x, ’X/| ):x €0, l]d 1} For p 2(d+1)

|7

— Se 1 lli2

and the range of p is optimal.

The fact that the paraboloid has positive Gaussian curvature played a key
role in the proof.
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The restriction estimate

|7

L) Se 1 lliz(

o If 1 is a surface measure on a smooth manifold (for example,
paraboloid, cone or moment curve), we can use its geometric
properties like dimension, smoothness and curvature.
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The restriction estimate

7] gy o 1711200

LP(RY)

o If 1 is a surface measure on a smooth manifold (for example,
paraboloid, cone or moment curve), we can use its geometric
properties like dimension, smoothness and curvature.

@ However, if p is supported on a fractal set (for example, Cantor set),
we cannot use such geometric properties.
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The restriction estimate

Theorem (Mockenhaupt, 2000, Mitsis, 2002, Bak-Seeger, 2011)

Let i be a positive Borel measure on RY. Assume that there exists
a,b € (0,d) such that

w(B(x,r)) S r? Vx e R r>0

A S A+ €)™ veeRr
For p > (4d — 4a+ 2b)/b,

&

—- Se 11l i2¢)-
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The restriction estimate

Theorem (Mockenhaupt, 2000, Mitsis, 2002, Bak-Seeger, 2011)

Let i be a positive Borel measure on RY. Assume that there exists
a,b € (0,d) such that

w(B(x,r)) S r? Vx e R r>0

A S A+ €)™ veeRr
For p > (4d — 4a+ 2b)/b,

&

—- Se 11l i2¢)-

o If v is a surface measure on P9~ then a=b=d — 1. Thus,
p>2(d+1)/(d—1).

@ Is the range of p optimal?
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Optimality of the restriction theorem

For fixed a and b, there could exist many measures u which satisfy
Regularity : w(B(x,r)) < r? Vx e RY r >0

Fourier Decay : ) S 1+ |E)~P?  veeRr?
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Optimality of the restriction theorem

For fixed a and b, there could exist many measures u which satisfy
Regularity : w(B(x,r)) < r? Vx e RY r >0

Fourier Decay : ) S 1+ |E)~P?  veeRr?

For each p < (4d — 4a+ 2b)/b, we want to construct a measure y such
that p satisfies the regularity and Fourier decay, but

[ = P

LP(R9)

fails.
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Optimality of the restriction theorem

@ taba and Hambrook (2013) and Chen (2016) : 0 < b<a<d =1.
e taba and Hambrook (2016): d —1 < b <a < d.

@ All these results are based on probabilistic constructions.
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Optimality of the restriction theorem

@ taba and Hambrook (2013) and Chen (2016) : 0 < b<a<d =1.
@ taba and Hambrook (2016): d —1 < b < a < d.

@ All these results are based on probabilistic constructions.

Theorem (Fraser,Hambrook and R., 2023+)

The range of p in the Mockenhaupt-Mitsis-Bak-Seeger restrictioin theorem
is optimal if
O<ab<d=1 b < 2a.
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Optimality of the restriction theorem

@ taba and Hambrook (2013) and Chen (2016) : 0 < b<a<d =1.
@ taba and Hambrook (2016): d —1 < b < a < d.

@ All these results are based on probabilistic constructions.

Theorem (Fraser,Hambrook and R., 2023+)

The range of p in the Mockenhaupt-Mitsis-Bak-Seeger restrictioin theorem
is optimal if
O<ab<d=1 b < 2a.

@ Our construction is deterministic.

@ Actually, showed the optimality for all possible a, b when d = 1, since
b > 2a cannot happen. It was proved by Mitsis (2002).
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Optimality of the restriction theorem

e taba and Hambrook (2013) and Chen (2016) : 0 < b<a<d=1.
@ taba and Hambrook (2016): d —1 < b < a < d.

@ All these results are based on probabilistic constructions.

Theorem (Fraser,Hambrook and R., 2023+)

The range of p in the Mockenhaupt-Mitsis-Bak-Seeger restrictioin theorem
is optimal if
O<ab<d=1 b < 2a.

e Li and Liu (2024+) : another deterministic construction with other
additional properties
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1 Laba, Hambrook

Fraser, HAmboork, R.
Li, Liu
b: Fourier decay
Chen
0 a: Regularity 1
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Beyond the range

For all measures, is the range of p optimal? No

Regularity : w(B(x,r)) < r? Vx e RY r >0
Fourier Decay : ) S (1 + )P veeRr?

We want to construct a measure which satisfies the regularity and Fourier
decay, but

@

LR S LAITEY

holds even when p < (4d — 4a+ 2b)/b.
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Beyond the range

Is the range of p optimal for all measures?
If 1+ is a measure supported on a set of Hausdorff dimension o < d,

— 2d
fd < ||If | h >
| SUFllagy  only when p>=

LP(RY)
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Beyond the range

Is the range of p optimal for all measures?
If 1+ is a measure supported on a set of Hausdorff dimension o < d,

|7

2d
oY) S only when p > -

It is well known in geometric measure theory that
0<ab<a.

If & < d, we have the following.

Cannot hold for any u Z—d 4d_4})7a+Zb holds for any u
a
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Beyond the range

Is there a measure u supported on a set of Hausdorff dimension « such

that
2d

||| , 0 So IFli2gy  when p= =27 2)

LP(RY)
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Beyond the range

Is there a measure u supported on a set of Hausdorff dimension « such
that
2d

||| , 0 So IFli2gy  when p= =27 2)

LP(RY)

o Chen and Seeger(2017) : o« = d/k and k is an integer.
@ Shmerkin and Suomala(2017) : d =1and 0 < a < 1/2.

@ taba and Wang(2018) : All « and d in nearly-optimal sense. In other
words, (2) holds when p > 2d/a.

@ There is no explicit example known yet.
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Fractal measure on a manifold

What if a fractal measure p is supported on a smooth manifold?

@ The paraboloid has positive curvature at any point. It leads to

&z

ey S 1Pz (3)

forp>2(d+1)/(d —1).
@ How will the curvature affect to fractal sets?
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Fractal measure on a manifold

What if a fractal measure p is supported on a smooth manifold?

@ The paraboloid has positive curvature at any point. It leads to

|| e 1 (3)

LP(RY)

forp>2(d+1)/(d —1).

@ How will the curvature affect to fractal sets?

@ Can we construct a measure u supported on the paraboloid such
that (3) holds even when p < (4d — 4a+ 2b)/b?
If it is possible, how small can p be?
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Fractal measure on a manifold

What if a fractal measure p is supported on a smooth manifold?

e (R.2023) For 0 < av < 1, there exists a measure v supported on the
parabola P := {(x,x?) : x € [0, 1]} which satisfies the following:
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Fractal measure on a manifold

What if a fractal measure p is supported on a smooth manifold?

e (R.2023) For 0 < av < 1, there exists a measure v supported on the
parabola P := {(x,x?) : x € [0, 1]} which satisfies the following:

e dimy(supp(v)) = «
e For any p > 6/, we have

[

L) Se 11l 2y

If p < 6/, the estimate above fails.

8—4a+2b

5 holds for any u

Q| o ——

Cannot hold for any u i
a
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Let i be a measure supported on a set of Hausdorff dimension «.
wWB(x,r)) S re VxeRY r>0
A S @ +[E)?  veeRrd

Let us define the critical exponent of u by

pe(n) = inf{p: |[fd| , .~ Sp IFl12(, holds}.

Lp(RY)
2d 4d —4a+2b
— < pep) < ——F——
« b
p
Cannot hold for any u E 4-d—4b4a+2b holds for any u
a
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pe(i) = inf{p: Hfd“HLp(Rd) <p If2(, holds}.

p
Cannot hold for any u 4d—424a+2b holds for any u
We have examples such that
__ 4d—4a+2b
° pc(p) ===

b
° Pc(#) = %

° % < Pc(,UJ) < 4d—éza+2b

Hausdorff dimension, regularity and Fourier decay are not enough to
determine pc(u).

Donggeun Ryou
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pc(p) = inf{p: H@‘

LP(R9) 5I-7 “f||L2(#) h0|ds},

Cannot hold for any u Z—d w holds for any u
a

b

@ Hausdorff dimension, regularity and Fourier decay are not enough to
determine pc(p).

@ Q: What are the determining factors of the optimal range of p?

o If we have explicit examples, we can hope to see a pattern.
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e Result
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Theorem (Fraser,Hambrook and R., 2023+)

The range of p in the Mockenhaupt-Mitsis-Bak-Seeger restrictioin theorem
is optimal if

O<ab<d=1 b < 2a.

For each p < (4d — 4a+ 2b)/b, we want to construct a measure y such
that p satisfies

Regularity : w(B(x,r)) S r? vxeRYr>0
: . ~ < —b/2 d
Fourier Decay : () S (1+1€)) V¢ e RY,
but does not satisfies
7]y gy 2 1712000
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Theorem (Fraser,Hambrook and R., 2023+)

The range of p in the Mockenhaupt-Mitsis-Bak-Seeger restrictioin theorem
is optimal if

O<ab<d=1 b < 2a.

Main tools
@ Well approximable numbers

@ A cantor set determined by arithmetic progressions
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|dea of the proof

Laba and Hambrook (2013) and Chen (2016) used two types of Cantor

sets:
A random Cantor set Cr and a Cantor set Cp determined by

arithmetic progressions.

October 13, 2024 24 /39
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|dea of the proof

o First, they constructed a measure . on Cg such that, for any € > 0,
p(1) Sl )] Se (1 + g~/

where [ is an interval in R.

@ They modified this measure so that the new measure p is supported
on CrU Cp and

(1) S 1P [ Se (1 + Jely /2

for b < a.
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|dea of the proof

Consider a sequence functions {fx}xen supported on Cp at the kth-scale.

Cp
1st scale — — —
2nd scale — — —
. kadM’ LP(RY) . 4d —4a+2b
im —————~ = o0, if Pl —

k=oo  Ificll 2, b

Thus, the range of p is optimal.
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|dea of the proof

@ A random Cantor set Cr and a Cantor set Cp determined by
arithmetic progressions.

I

The set of a-well-approximable numbers E(«) and a Cantor set
C(p) determined by arithmetic progressions.
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|dea of the proof

@ A random Cantor set Cr and a Cantor set Cp determined by
arithmetic progressions.

1
The set of a-well-approximable numbers E(«) and a Cantor set
C(p) determined by arithmetic progressions.

@ To extend the range from b < a to b < 2a, we gave a different
weight on C(f3) according to the parameter 3.
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Set of well-approximable numbers

For a > 0, we define the set of a-well-approximable numbers by
E(a) :={xeR:|x—r/q| <|q|"®**) for infinitely many (q,r) e Z?}

The set E(«) arise from number theory; Major arc in circle method.
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Set of well-approximable numbers

For a > 0, we define the set of a-well-approximable numbers by
E(a) :={xeR:|x—r/q| <|q|"®**) for infinitely many (q,r) e Z?}

The set E(«) arise from number theory; Major arc in circle method.

e Kaufman (1981) proved that E(«) is a 2+ -dimensional Salem set.
There exists a measure p on E(a) such that

2

dimp(supp(i) = 5=—  and  [A(E)] Se (1+[¢)) 7
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Set of well-approximable numbers

For a > 0, we define the set of a-well-approximable numbers by
E(a) :={xeR:|x—r/q| <|q|"®**) for infinitely many (q,r) e Z?}

The set E(«) arise from number theory; Major arc in circle method.

e Kaufman (1981) proved that E(«) is a 2+ -dimensional Salem set.
There exists a measure p on E(a) such that

2

dimp(supp(i) = 5=—  and  [A(E)] Se (1+[¢)) 7

—€

2
@ Being a Salem set does not guarantee that u(/) <. |/|z+e
But we constructed a measure which also satisfies the regularity.
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Regularity and Fourier decay

o If 3 =0, for any ¢ > 0,

p() S 17 A S (L+]g) 7t
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Regularity and Fourier decay

o If 3 =0, for any ¢ > 0,

p() S 17 A S (L+]g) 7t

e If 0 < B < 1, the length of the arithmetic sequence is long, so that
it lowers the exponent in the Fourier decay.

1-5

2 —e ~ 1B
pll) Se |17 )] Se (T+1eh) >
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Regularity and Fourier decay

o If 3 =0, for any ¢ > 0,

p() S 17 A S (L+]g) 7t

e If 0 < B < 1, the length of the arithmetic sequence is long, so that
it lowers the exponent in the Fourier decay.

p(1) S 1175 JE)] Se (1+Je]) 7t

e If -1 < 5 <0, the weight on the Cantor set C(J3) is large, so
that it lowers the exponent in the regularity.

p(1) S 11 [AE)] Se (1+ Je]) 7ate
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b: Fourier decay
b=2a ,~------ 4 b=a
/ 4 |
/ . I
/ e |
/ ’
1, ‘B=0
fo-le 7 6=0
/ 4 |
/ e [
/ 7 |
/ Ve
/ 4 !
/ // |
!/ s |
/7 |
7l !
a: Regularit
g—1 1 g Y
Figure
If we |gnore26 in the exponents, (a, b) = (@, @) when =
(a,b) = (554:0) as B — L and (a,b) = (535:574) as B — —1.
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Knapp's example

Knapp's example gives an example such that L2-LP estimate fails when p
is supported on a smooth manifold.

£ £
. .
\\\ //’
\\\ ,’, % <:>
N
R™1/2 x R~ rectangle RY/2 x R rectangle
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Knapp's example

Knapp's example gives an example such that L2-LP estimate fails when p
is supported on a smooth manifold.

£ £
‘\\\ ,// % <:>
N
R™1/2 x R~ rectangle RY/2 x R rectangle
° ‘f/du LP(R?) % RTIZI and ||f’HP(u) ~ RO
Hfd,uHLp(Rd) S Ifllzgy  fails when p <.
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Knapp's example

@ In Knapp's example, we consider only one component.

@ In fractal sets, we consider several components ordered in a certain
way.
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Knapp's example

@ In Knapp's example, we consider only one component.

@ In fractal sets, we consider several components ordered in a certain
way.

@ C(p): Cantor set determined by arithmectic progressions.
We consider a smooth function f; supported C(f3) at the kth scale.

Cp
1st scale — — —
2nd scale — — —

October 13, 2024 32/39
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Failure of the [2-LP estimate

We consider a smooth function fi supported C(/3) at the kth scale.

: kad” Lp(RY) p<20h ifo<p<1
lim —————— =00 whenever 1-p .
koo [ fkll 12 p<2(l+a—p) if-1<B<0
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Failure of the [2-LP estimate

We consider a smooth function fi supported C(/3) at the kth scale.

. kad'u LP(RY) p < QM if 0 < 6 <1
lim ——————~ =00 whenever -B )
koo [ fkll 12 p<2(1+a75) if—1<B8<0
@ We have
() Sell175 ¢ and [A(€) Sc (L+]€) 7 ifo<B<1

(1) Sc 11177 and (&) Sc (L4 [g))"7ate if —1<B<0
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Failure of the [2-LP estimate

We consider a smooth function fi supported C(/3) at the kth scale.

- kad” LP(RY) p < 2ita-b) ifo<pg<1
lim ——————~2 = 0o whenever 1-5 )
koo || fill 2() p<2(l+a—-p) if—-1<pB<0
@ We have
() Sell175 ¢ and [A(€) Sc (L+]€) 7 ifo<B<1

248 _, . _1 . .
p(1) Se [112 7 and [()] Se (L+[€) 7" if —1<B<0
@ a: exponent in the regularity / b : exponent in the Fourier decay

4d —4a+2b

an
H“ b

Lp(Rd) SP HfHL2(u) fails When p <
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Future direction

Theorem (Fraser,Hambrook and R., 2023+)

The range of p in the Mockenhaupt-Mitsis-Bak-Seeger restrictioin theorem
is optimal if
O<ab<d=1 b < 2a.
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Future direction

Theorem (Fraser,Hambrook and R., 2023+)

The range of p in the Mockenhaupt-Mitsis-Bak-Seeger restrictioin theorem
is optimal if
O<ab<d=1 b < 2a.

@ What about higher dimension?
e taba and Hambrook (2016): d —1 < b < a < d.

@ We used the set of well-approximable numbers, since it is an explicit
Salem set in R.

o Explicit Salem sets in higher dimensions
Hambrook (2017): Explicit Salem sets in R2.
Fraser and Hambrook (2023): Explicit Salem sets in RY.
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Algebraic Number Theory

For o > 0, we define the set of a-well-approximable numbers by

E(a) :={xeR:|x—r/q| <|q|~?") for infinitely many (q,r) € Z?}
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Algebraic Number Theory

For o > 0, we define the set of a-well-approximable numbers by

E(a) :={xeR:|x—r/q| <|q|~?") for infinitely many (q,r) € Z?}
Let | - | be the Euclidean norm. For 7 > 1,

E(r)

={xeR?: |x—=r/q| <|g|~"*V for infinitely many (q,r) e Z x 2%}

How can we define

—~
|
—
~
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Algebraic Number Theory

For o > 0, we define the set of a-well-approximable numbers by

E(a) ={xeR:|x—r/q| < |q| (2+0a) for infinitely many (q,r) € Zz}

Let | - | be the Euclidean norm. For 7 > 1,
E(7)
={xeR?: |x—=r/q| <|g|~"*V for infinitely many (q,r) e Z x 2%}
How can we define (1,1) ?
(17 _1)
(1,1) 1 —I—/
=0 ~ (0,1
(11" Hr=0)
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Algebraic Number Theory

K: a d dimensional field extension of Q.

Zy: a ring of integers of K.

B ={wi, -+ ,wy}: an integral basis for K.

Zik =79 K~Q7 (qu, - ,qd) ~ qwi + -+ qgwq

ro_onwi+ -+ rgwy
g quwi+ -+ qawy
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Algebraic Number Theory

@ K: a d dimensional field extension of Q.

@ Zy: a ring of integers of K.

@ B={wi, - ,wy}: an integral basis for K.

o Zi~7% K~Q (qi,--,qd) ~ qwi+ -+ qgwy
°

ro_onwi+ -+ rgwy
g quwi+ -+ qawy

If K=Q[i] :={q1+ g2/ : q1, 92 € Q}, then Z) = Z[i], B = {1, i}.

o
(1,1) 147 .
~ = ~ 1
a-n 1= °0Fi=01)

Donggeun Ryou Fourier restriction and well approximable num October 13, 2024 37/39



Salem sets in higher dimension

Let | - | be the Euclidean norm.
E(K,B,T)

= {xecR?:

X — ;’ < |q|7C*) for infinitely many (g, r) € Z9 x 29}

@ For 7 > 1, they constructed a measure p on E(K, B, 7) such that

dimp(supp(1)) < (E)] Se €| T e

1+7

@ Can we repeat a similar argument in this setting?
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Questions

Thank you!
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