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Introduction

e Stationary signal:

N

f(t) = ao+ Y ajcos(2m(wit +1;)), tER,
j=1

for arbitrary real values a; > 0, 7; and w; > 0 (frequency).
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e Stationary signal:

N

f(t)=ao+ Zaj cos(2m(wjt +15)), teR,
j=1

for arbitrary real values a; > 0, n; and w; > 0 (frequency).

¢ Non-stationary signal:
Adaptive harmonic model (AHM):

N

F(£) = Ao(t) + D Aj(t) cos(2m;(t)), tER,

J=1

where A4;(t) > 0 and each ¢;(t) is a general C! function such
that ¢;(t) > 0 (instantaneous frequency).
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for arbitrary real values a; > 0, n; and w; > 0 (frequency).

¢ Non-stationary signal:
Adaptive harmonic model (AHM):

N
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J=1

where A4;(t) > 0 and each ¢;(t) is a general C! function such
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e OBJECTIVE:

Given a blind source signal f(t). Find:
e atoms A;(t) cos(2me,(t)), j=1,...,N
e instantaneous frequency (IF) ¢/ (t) of each atom

o trend Ay (t) (if there is one)

F(t) = Ao(t) + Y A;(t) cos(2me;(1))
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EMD

e EMD: Empirical mode decomposition
e Introduced by Norden Huang and others (1998)

e Data-driven way to analyze non-stationary signals

Maria van der Walt | Westmont College 4/ 21



EMD

e Given a signal f(t). Set hy := f.
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EMD

e Find its local maxima and minima.
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EMD

e Compute the upper and lower envelopes through (standard)
cubic spline interpolation of the extrema.
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EMD

lope mq ;.
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e Compute the mean envelope my i.
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EMD

e Subtract the mean envelope from hq .

_4 L L L
0 1 2 3 4

hig:=hip—mi1
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EMD

e Repeat this process until iy ¢ is an intrinsic mode function
(IMF).
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EMD

e Repeat this process until iy ¢ is an intrinsic mode function
(IMF).

hie=: fi
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EMD

e Repeat this process until iy ¢ is an intrinsic mode function
(IMF).

0 1 2 3 4
hie=: fi

— symmetric about the time axis

— # local extrema — # zeros = -1,0,1
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EMD

e Subtract the first IMF f; from hj o and repeat the sifting
process to find fa, f3,..., fx until the remainder Ry is a
monotonic function.
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EMD

e Subtract the first IMF f; from hj o and repeat the sifting
process to find fa, f3,..., fx until the remainder Ry is a
monotonic function.

4 4
2 2
AN = A
2 -2
4 -4
0 1 2 3 4 0 1 2 3 4
fi fo
4 4
2 2
0 /\/\/\/\/\ 0
-2 -2
4 4
0 1 2 3 4 0 1 2 3 4
f:( RI‘

OED SNORS 0
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Hilbert spectral analysis

e We note that each IMF f; can be written as

fi(t) =Re (f;(t)) = Re (f;(t) +i(H)(1))
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Hilbert spectral analysis

e We note that each IMF f; can be written as
fit) =Re (f; (1)) = Re (f;(t) +i(H[;)(¢))

Hilbert transform:

1 o0
(Hg)(t) = P.v.w/ g(_u) du, g measurable, real-valued

Maria van der Walt | Westmont College 6/ 21



Hilbert spectral analysis

e We note that each IMF f; can be written as

fi(t) =Re (f;(t)) = Re (f;(t) +i(H)(1))

= Re (Bj (t)ei%oj (t))
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Hilbert spectral analysis

e We note that each IMF f; can be written as

fi(t) = Re (f} (1)) = Re (f;(t) +i(H[;)(1))
=Re (Bj (t)ei?m0 (t))

= Bj(t) cos(27m;(t)),
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Hilbert spectral analysis

e We note that each IMF f; can be written as

fi(t) =Re (f;(t)) = Re (f;(t) +i(H)(1))

=Re (Bj (t)ei?m0 (t))

— By(t) cos(2nt (1),
with
By(t) = £5(0)] and 6(1) = o tan™" q’j{;g) and IF = 0/(1)
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EMD + Hilbert spectral analysis

Final result:

4 4 4
2 2 2
2 -2 -2
4 -4 4
o 1 2 38 4 0o 1 2 383 4 0o 1 2 38 4
fi fa fs
10 10 10
5 5 5
0 0 0
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EMD + Hilbert spectral analysis

Final result:

4 4 4
2 2 2
2 -2 -2
4 -4 4
o 1 2 38 4 0o 1 2 383 4 0o 1 2 38 4
fi fa fs
10 10 10‘
5 5 5
W
0 0 0
0o 1 2 3 4 0 1 2 3 4 0o 1 2 3 4
61 0 05

f(t) = cos 2m(8t) + cos 2w (4t) + cos 27t
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EMD + Hilbert spectral analysis

Limitations of EMD with Hilbert spectral analysis:
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e The sifting process cannot distinguish between atoms with
frequencies that are very close together. In other words, a
single IMF may actually contain more than one atom.
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Limitations of EMD with Hilbert spectral analysis:
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single IMF may actually contain more than one atom.

~o 5 10 15 20
IMF f,

f(t) = cos2m(5t) + cos 2w (4.9t)
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EMD + Hilbert spectral analysis

Limitations of EMD with Hilbert spectral analysis:

e The sifting process cannot distinguish between atoms with
frequencies that are very close together. In other words, a
single IMF may actually contain more than one atom.

8

7!l

0 5 10 15 20
o
1

f(t) = cos2m(5t) + cos 2w (4.9¢t)
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EMD + Hilbert spectral analysis

Limitations of EMD with Hilbert spectral analysis:

e The sifting process cannot distinguish between atoms with
frequencies that are very close together. In other words, a
single IMF may actually contain more than one atom.

e We can get inaccurate results when computing the Hilbert
transform from discrete samples on a bounded interval.
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EMD + Hilbert spectral analysis

Limitations of EMD with Hilbert spectral analysis:

e The sifting process cannot distinguish between atoms with
frequencies that are very close together. In other words, a
single IMF may actually contain more than one atom.

e We can get inaccurate results when computing the Hilbert
transform from discrete samples on a bounded interval.

e The standard cubic spline interpolation scheme used to
construct the upper and lower envelopes in the sifting process
is not a local method.

Maria van der Walt | Westmont College

8/ 21



Our contribution

Maria van der Walt | Westmont College 9/ 21



Our contribution

Our solution to third limitation:

Maria van der Walt | Westmont College 9/ 21



Our contribution

Our solution to third limitation:

Given a function f, we construct an interpolation operator P in
terms of cubic B-splines N¢ 4 ; ...

Maria van der Walt | Westmont College 9/ 21



Our contribution

Our solution to third limitation:

Given a function f, we construct an interpolation operator P in
terms of cubic B-splines N¢ 4 ; ...

Maria van der Walt | Westmont College 9/ 21



Our contribution

Our solution to third limitation:

Given a function f, we construct an interpolation operator P in
terms of cubic B-splines N¢ 4 ; ...

e non-decreasing knot sequence t

e m'™ order B-splines:

1 ift, <t< tit1
Neqj(t) =< 7= !
t14 () {O, otherwise

Nem,j (1) := Wi, jNesm—1,5 () + (1 — Wi j41) Nesm—1,5+1(¢)

t—t; . ) )
{tj+m—l_tj if t] 7é t]+m—1

with  w,, (t) :=
mj () 0, otherwise
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Our contribution

Our solution to third limitation:

Given a function f, we construct an interpolation operator P in
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(i) P has a local formulation; 9, R
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Our contribution

Our solution to third limitation:

Given a function f, we construct an interpolation operator P in
terms of cubic B-splines Ng 4 ; such that:

(i) P has a local formulation; 9, R
(ii) P preserves polynomials of degree < 3; Q
(iii) Pf interpolates fata =ty <t1 < - - <t, =b; R

(iv) P preserves derivatives (up to order 3) of f ataandb. R
Blending operator [Chui, Diamond, 1990]:

Pi=Q+R-RQ
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Blending operator

Quasi-interpolant (Qf)(t) :=

—! n n+2
ST @M () + > FE)Mt) + > FU9T () M;(t)
Jj=-3 Jj=0 j=n+1
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Blending operator

Quasi-interpolant (Qf)(t) :=

—1 n n+2
o ST @M () + Y fEM) + Y fITI () M(1)
j=—3 =0 j=n+1

Spline molecules [Chen, Chui, Lai, 1988; Chui, vdW, 2015]:
( j+3
Y aikNear-s(t), j=-3,...,—1;
k=0

3
M;(t) = > ajkNeajen-s(t), §=0,...,n—1;
k=0
2
Z aj,th,4,n+k—3(t), j=n,...,n+2.
k=j—n
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Blending operator

Quasi-interpolant (Qf)(t) :=

-1 n n+2
o ST @M) + Y fM) + Y fITI () My(t)
j=—3 7=0 j=n+1

Spline molecules [Chen, Chui, Lai, 1988; Chui, vdW, 2015]:
( j+3
Y aikNear-s(t), j=-3,...,—1;
k=0

3
Mj(t) =< Y ajpNeajrr-s(t), j=0,...,n—1;
k=0
2
Z aj,th,4,n+k—3(t)) J =Nn,...,Nn + 2.
k=j—n

Find spline coefficients a;;, such that (Qp)(t) = p(t), p € ms.

Maria van der Walt | Westmont College 10/ 21



Local interpolant (R f)(t) :=

—1 n

Yo SL) + YL + Y fITO)L(0)

j=-3 7=0
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Local interpolant (R f)(t) :=

Spline molecules [Chui, vdW, 2015]:

3

Nt,4,2j (t)
NE,4,2j (tj) ’
2

\ k=0
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Blending operator
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, 0;
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Local interpolant (R f)(t) :=

Spline molecules [Chui, vdW, 2015]:

3

Nt,4,2j (t)

NE,4,2]' (tj) ’
2

D bieNg 41, G=mn,...

\ k=0
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ijk b aa), G=-3,...

D bieNg 41, G=mn,...

Blending operator

n+2

> ULyt

j=n+1

, 0;

,n+ 2.

— L'(a) = 5_j,

— Lj(te) = 60

L(E)(b)

j—n,l
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Blending operator

Local interpolant (R f)(t) :=

—1 n n+2
Yo ST @L) + YL + Y fIUTI ) L)
7=-3 7=0 j=n+1

Spline molecules [Chui, vdW, 2015]:

3

: ¢
ijk tk 34t7 .7:_37707 _>L.§)(a):57j,€
Nt42'(t)

D= Ny 70 i) = By
- Y4
ij’kNEnJrkA(t)? J=n,...,n+2. L()(b) j—n,l

\ k=0

Easy to show: (Rf)(t¢)=f(ts) and R preserves derivatives at a, b.
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Blending operator

Blending:
P:=Q+R—-RQ

Therefore [Chui, vdW, 2015]:
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Blending operator
Blending:
P:=Q+R-RQ

Therefore [Chui, vdW, 2015]:

(Pp)(t) = (Qp)(t) + (Rp)(t) — (R(Lp))(?)
p(t) + (Rp)(t) — (Rp)(t)
p(t), p € ms;
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Blending operator

Blending:
P:=Q+R—-RQ

Therefore [Chui, vdW, 2015]:

(Pp)(t) = p(t), p € 73;
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Blending operator

Blending:
P:=Q+R—-RQ

Therefore [Chui, vdW, 2015]:

(Pp)(t) = p(t), p € m3;
(PH(;) = f(t5), 5=0,...,n;
(PH)a) = fD(a), j=1,2,3;

(PHD () = fU(b), j=1,2.
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EMD + Hilbert spectral analysis

Limitations of EMD with Hilbert spectral analysis:

e The sifting process cannot distinguish between atoms with
frequencies that are very close together. In other words, a
single IMF may actually contain more than one atom.

e We can get inaccurate results when computing the Hilbert
transform from discrete samples on a bounded interval.

e The standard cubic spline interpolation scheme used to
construct the upper and lower envelopes in the sifting process
is not a local method.
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Our contribution
Our solution to first two limitations:

e Apply signal separation operator (SSO) [Chui, Mhaskar, 2015]
to each IMF from EMD separately (instead of Hilbert spectral
analysis).

e SSO is able to identify very close-by frequencies in a given
IMF and recover/reconstruct the individual atoms associated
with these frequencies.

e SSO is a direct, local method which produces more accurate
results in near real-time.

e EMD + SSO = “SuperEMD”
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AHM

Adaptive harmonic model (AHM)

—|—ZA cos(2m;(t)), teR

Maria van der Walt | Westmont College 15/ 21



AHM

Adaptive harmonic model (AHM)

—|—ZA cos(2m;(t)), teR

Assumptions:
o Aj e C(R), Aj(t) >0 and ¢; € C'(R), ¢(t) >0
e There exists & = a(t) > 0 s.t. for any u with
lul] < a~Y(87B)~"?, where B = B(t) := max ¢'; (¢):
J
o |A4;(t+u) — A;(B)] < o|ulA;(t)
o |g5(t+u) — ¢5(1)] < o®[ul¢)(t)
o There exists ) = 1(t) s.t. min |6,(t) — ¢ (5)] =: 227 > 0
J

™

Note: N

M =DM(t):=>Y Aj(t) and p=pu(t):= lglglNA (t)
j=1
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SuperEMD
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

, _ 1 LN gito g oy
(T ) (0.6) Ekezh(i)éh<a) £t~ 0

(teR, 0€[-mmn])
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.
e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

/ W0t — 108
S Z<) e —80)

(teR, 0€[-mmn])

(Tasfi)(t,0) =

e h = window function (non-neg, even, supported on [—1,1])
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.
e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:
(T )(1.0) = n(5) e s
OPS
(teR, §e[-mmn])

e h = window function (non-neg, even, supported on [—1,1])

e a = window width (chosen so that Y, ., h (%) > 0)
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

, _ 1 LN gito g oy
Teaf.0) = oy T () st -0

(teR, 0€[-mmn])

e h = window function (non-neg, even, supported on [—1,1])
e a = window width (chosen so that Y, ., h (%) > 0)

e § = sample spacing (adjust based on separation of IF's)
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

, _ 1 LN gito g oy
(T ) (0.6) Ekezh(i)éh<a) £t~ 0

(teR, 0€[-mmn])
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;
(T fi)(t,0) = Y Ajn(t)e®™ Db, (b0 — 2754, (1))

n=1
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;
(Tasfi) (£, 0) = D Ajn(t)e?™ %52 0d, (b6 — 2168, (1))

n=1

o &, (h;0 —210¢);,,(t)) ~ Dirac delta function at 0
[Mhaskar, Prestin, 2000]
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;

(T £i)(t,0) = Y A (1) Db, (hy 0 — 2754, (1))

n=1
o &, (h;0 —210¢);,,(t)) ~ Dirac delta function at 0

[Mhaskar, Prestin, 2000]
e ... — true atom f;,,(t) = A; ,(t) cos(2mp; n(t))
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;
(T fi)(t,0) = Y Ajn(t)e®™ Db, (b0 — 2754, (1))

n=1

e It can be shown [Chui, Mhaskar 2015] that

[0 €07 1(Tasfy) (1.0)] = &)

consists of disjoint clusters G 1,...,Gj N,, centered around
2109, (), - - - ,27T(5¢;»’Nj (t).
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;
(T fi)(t,0) = Y Ajn(t)e®™ Db, (b0 — 2754, (1))

n=1

[(Tas£)(2, 0)]

I

271'54)311 271'(5¢>/J_2 27764)313 2776#1,;\',
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;

(T fi)(t,0) = Y Ajn(t)e®™ Db, (b0 — 2754, (1))

n=1

e Compute true IF's:

(8) % s g max |(Tosf) (.0)
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;

(T fi)(t,0) = Y Ajn(t)e®™ Db, (b0 — 2754, (1))

n=1

e Compute true IF's:

(8) % s g max |(Tosf) (.0)

e Recover true atoms:

fin(t) = 2Re (Tasf;) (t, 2709 ,(1))
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SuperEMD

Given IMF f;(t) from (modified) EMD, containing N; true atoms.

e Apply SSO to IMF f; [Chui, Mhaskar, vdW 2016]:

N;

(T fi)(t,0) = Y Ajn(t)e®™ Db, (b0 — 2754, (1))

n=1

e Compute true IF's:

arg maX |(7:L,6fj) (t70)|‘ < Kl(aaBaMwu,h)

/

1
in(t) — o8

e Recover true atoms:
fin(t) = 2Re (Tasf3) (12708, (1))] < Koo, M, )

(0 <3< (4B)7! and a = (adv87B)~! for sufficiently small a)
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Examples

~o 5 10 15 20
IMF f,

f(t) = cos 2m(5t) + cos 2w (4.9t)
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Examples

53
52 8 8
51 25 25
5 2 2
4.9 15 15
4.8 1 1
4.7 0.5 0.5
4.6 0

0 5 10 15 5 10 15

SSO before thresholding SSO after thresholding
— _ _ 1

f(t) = cos 2m(5t) + cos 2w (4.9t) (a = 1800, § = 55)
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5.2
5.1

49
4.8
0

41

52
5.1

49
4.8
0

[}

f(t) = cos 2m(5t) + cos 2w (4.9t)
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Recovered atom 1
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Recovered atom 2

(a = 1800, 6 = 55)
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Examples

0 5 10 15 20 0 5 10 15 20
f without noise f with noise

f(t) = cos2m(5t) + cos 2m(4.9t) + noise  (a = 1800, & = 55)
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5.2
5.1

49

4.8
0

41
52

5.1

49

4.8
0

[}

20

Examples

2

0

-2
0 5 10 15 20

Recovered atom 1

2

0

-2
0 5 10 15 20

Recovered atom 2

f(t) = cos2m(5t) + cos 2m(4.9t) + noise  (a = 1800, & = 55)
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Examples

10
5
0
51
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0 5 10 15 20
f

f(t) = cos2m(5t) + cos 2m(4.9t)
+ cos 27t + 2 cos 27(0.96t) + 2 cos 27(0.92t) + cos 27(0.9¢)
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Examples

2 2
0 0
2 2
0 5 10 15 20 0 5 10 15 20
Sum of first two atoms of f IMF f,
5 5
0 0
5 5
0 5 10 15 20 0 5 10 15 20
Sum of last four atoms of f IMF f,

f(t) = cos2m(5t) + cos 2m(4.9t)
+ cos 27t + 2 cos 27(0.96t) + 2 cos 27(0.92t) + cos 27(0.9¢)
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25
- | :
1.5
4 1
4.8 05
4.6
0 5 10 15
SSO before thresholding

‘=i

IN

n

=038

0.6
0 5 10 15

SSO before thresholding

o

f(t) = cos2m(5t) + cos 2m(4.9t)

Examples

_ iz
0 5 10 15
SSO after thresholding

_ i4
0 5 10 15
SSO after thresholding

4.6

0.6

+ cos 27t + 2 cos 27(0.96t) + 2 cos 27(0.92t) + cos 27(0.9¢)
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5.2
5.1

4.9

4.8
0

5.2
5.1

4.9
4.8

f(t) = cos2m(5t) + cos 2m(4.9t)

Maria van der Walt | Westmont College

4]

15

/
)

15

20

Examples

2
0 P‘NMWMMNMWMAMANMM\WMAMMMWMAMMW’MMMMNWMMMM
2

0 5 10 15 20
Recovered atom 1

2
0 H’MW‘M\“NMMMMWM““NwMMMMWM\“NWMM”M“MWMM‘“MW
2

0 5 10 15 20
Recovered atom 2
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Examples
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1 0
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0 5 10 15 20 0 5 10 15 20
o Recovered atom 3
1.2
2
1 0
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0.8 : - p
0 5 10 15 20 0 5 10 15 20
oA Recovered atom 4

f(t) = cos2m(5t) + cos 2m(4.9t)
+ cos 27t + 2 cos 27(0.96t) + 2 cos 27(0.92t) + cos 27(0.9¢)
(a=1024, § = %)
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Examples

2
1 0
-2
0.8 ' :
0 5 10 15 20 0 5 10 15 20
o8 Recovered atom 5
1.2
2
1 MNVVVVVVVVVVNVVVN
-2
08 T T L
0 5 10 15 20 0 5 10 15 20
o Recovered atom 6

f(t) = cos2m(5t) + cos 2m(4.9t)
+ cos 27t + 2 cos 27(0.96t) + 2 cos 27(0.92t) + cos 27(0.9¢)
(a=1024, § = %)
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Examples

f(t) = cos 27 (3t40.02t*)4-cos 27m(2t+0.2 cos t)
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Examples

——

2h T T T

0 5 10 15 20
True IFs

f(t) = cos 2m(3t+0.02t%)+cos 27(2t+0.2 cos t)
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Examples

6 6
4 4
I

2 2
0 0

0 5 10 15 20 0 5 10 15 20
6 6
4 4
2 22— —
0 ‘ : 0 ‘

0 5 10 15 20 0 5 10 15 20

IFs: EMD-HSA IFs: SuperEMD

f(t) = cos 2m(3t+0.02t%)+cos 27 (2t+0.2cost) (a =31, 6 = o)
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Conclusions

e We apply a modified EMD (using the blending operator) to
separate a (blind) signal into its IMF components. Then we
apply the SSO to compute the instantaneous frequency of
each component (instead of Hilbert spectral analysis).
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Conclusions

e We apply a modified EMD (using the blending operator) to
separate a (blind) signal into its IMF components. Then we
apply the SSO to compute the instantaneous frequency of
each component (instead of Hilbert spectral analysis).

e Advantages of SuperEMD:

e capable of extracting very close-by frequencies

e capable of recovering atoms with very close-by frequencies
e more accurate results

e |local method

e simple algorithm
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Thank you for your attention.
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