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A fact/An example:

Let Q be a domain in RY. Consider the Laplace equation: Au =0 on Q.
— Any smooth solution u satisfying

Ou(xp) =0, forall me Z*uU{0}

at some point xp € 2 vanished identically on Q.
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A fact/An example:

Let Q be a domain in RY. Consider the Laplace equation: Au =0 on Q.
=— Any smooth solution v satisfying

O u(xo) =0, forall me Z™ U {0}
at some point xp € 2 vanished identically on Q.

A further fact:
Any weak solution u € HZ () to Au = 0 on  satisfying

~—

lim r_'"/ lu(x)|?dvy = 0, (1
[x—xo|<r

r—0

at xp for all m € Z* U {0} vanishes identically.

v

Definition: A function u € L2 () is said to vanish to infinite order, or flat,
in L2 sense at xp € Q if (1) holds.
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Unique continuation property

Let Q be a domain in RY. Consider a differential equation
Pm (x,0x) u =0, (2)
where u = (u1,...,us) : Q — R¥ with u € HI(Q).

Definition

@ (2) is said to satisfy the strong unique continuation property (strong
UCP), if every solution that vanishes to infinite order in L2 sense at a
point zg € Q vanishes identically.

@ (2) is said to satisfy the weak unique continuation property (weak
UCP), if every solution that vanishes in an open subset vanishes
identically.

Remark: strong UCP — weak UCP.
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Unique continuation for 0

Question:

Let Q be a domain in C" and V € L2 (). Consider the following
inequality B
|0ul < V|ul, (3)

where u = (u1,...,uyn) : Q — CN with u € HL_(2). Does UCP holds for
(3)?
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Motivation

@ Boundary behavior of holomorphic functions [Bell-Lempert, JDG,
1990]:
Q1 C C,Qy C CN with desired regularity and geometry;
f: Q1 — 5 be proper holomorphic with certain regularity on bQ2;.
— f is flat at zg € bQ; iff UCP holds for

Ou = Vu,

for some potential V' determined by Q1, Q5.
Bell-Lempert proved the strong UCP holds when n =1 and V € L*°.
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Motivation

@ Boundary behavior of holomorphic functions [Bell-Lempert, JDG,
1990]:
Q1 C C,Qy C CN with desired regularity and geometry;
f: Q1 — 5 be proper holomorphic with certain regularity on bQ2;.
— f is flat at zg € bQ; iff UCP holds for

Ou = Vu,
for some potential V' determined by Q1, Q5.
Bell-Lempert proved the strong UCP holds when n =1 and V € L*°.
@ Almost complex structure:
(M, J): an almost complex manifold with desired regularity;
ui, up : D(C C) — M are J-holomorphic curves near zyp € M (namely,

duj commutes with J), and u; — up is flat at z.
— u1 = uo iff UCP holds for

|Qul < Vlul,

for some potential V determined by almost complex structures.
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L? potential is critical

Assume V € LP p < 2.
@ The strong UCP fails in general.

Example

For each 0 < p < 2, choose € € (0, =7) (so that (e +1)p < 2). Let

V= 2|z|€+1 € LP(D) on C. u(z):=e T vanishes to infinite order at 0
and satisfies Ju = Vu.
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L? potential is critical

Assume V € LP p < 2.
@ The strong UCP fails in general.

Example

For each 0 < p < 2, choose € € (0, ﬂ) (so that (e +1)p < 2). Let
V=
and satisfies Ju = Vu.

soer € LP(D) on C. ue(z) := T vanishes to infinite order at 0

@ The weak UCP fails in general.

Example (Mandache, Comm. Anal. Geom. 2002)

There exist non-trivial u € C2°(C) and V € LP(C),0 < p < 2, such that u
satisfies Ju = Vu.
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UCP for Laplacian

Theorem (Chanillo-Sawyer, Trans. Amer. Math. Soc. 1990 )
Let Q be a domain in RY with d = 2. Suppose
u=(uy,...,ug):Q—RY withu e H2_(Q) and satisfies

loc
|Au| < V|V (4)

for some V € L2 (). If u vanishes to infinite order at zy € Q, then u
vanishes identically.
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UCP for Laplacian

Theorem (Chanillo-Sawyer, Trans. Amer. Math. Soc. 1990 )
Let Q be a domain in RY with d = 2. Suppose
u=(uy,...,ug):Q—RY withu e H2_(Q) and satisfies

loc
|Au| < V|Vu| (4)

for some V € L2 (). If u vanishes to infinite order at zy € Q, then u
vanishes identically.

Remark: The result holds when d = 3,4 and V € L{ (Q) [Wolff, Rev
Math. Iberoamericana, 1990].
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UCP for Laplacian

Theorem (Chanillo-Sawyer, Trans. Amer. Math. Soc. 1990 )
Let Q be a domain in RY with d = 2. Suppose

u=(up,...,up): Q— R withu e H? (Q) and satisfies
Au] < VIV (4)

for some V € L2 (). If u vanishes to infinite order at zy € Q, then u

vanishes identically.

Remark: The result holds when d = 3,4 and V € L{ (Q) [Wolff, Rev
Math. Iberoamericana, 1990].

Example (Wolff, Comm. Anal. Geom. 1994)

There exists a smooth real-valued function on R9, d > 5, which vanishes to
infinite order at the origin and satisfies (4) with V € L9(RY).
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Non-equivalence between A and O when d = 2

Question:
UCP holds for [dv| < V|v| <& UCP holds for |Au| < V|Vul. J
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Non-equivalence between A and O when d = 2

Question:
UCP holds for |dv| < V|v| <2 UCP holds for |Au| < V|Vul. J

e UCP holds for |dv| < V|v| == UCP holds for |Au| < V|Vu|.

Use A = 400 and |0u| = %|V_u! (since u is real-valued). Then
v := Ou is flat and satisfies |0v| < V|v]|.

Y. Zhang (PFW) Unique continuations 8/20



Non-equivalence between A and O when d = 2

Question:
UCP holds for |dv| < V|v| <2 UCP holds for |Au| < V|Vul. J

e UCP holds for |dv| < V|v| == UCP holds for |Au| < V|Vu|.
Use A = 400 and |0u| = %|V_u! (since u is real-valued). Then
v := Ou is flat and satisfies |0v| < V|v]|.

o UCP holds for [Au| < V|Vu| =2 UCP holds for [dv| < V/|v|.

Argue reversely. However an obstruction appears: solve u to du = v
in the flat category.
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An obstruction in flat category

Theorem (Liu-Pan-Z., Integral Equations Operator Theory, to appear)

Let f be a flat germ at the origin in C. The following two statements are
equivalent:

1) The Cauchy-Riemann equation du = fdZ has a solution that is flat at
the origin in the sense of germs.

2) There exists some neighborhood U C C of the origin such that

= /1 f(¢) = ;
;(ﬁ/ucnﬂ"““)z

is holomorphic near the origin.
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Main theorem
Theorem (Pan-Z., preprint 2022)

Let 2 be a domain in C. Suppose u = (u1,...,uy): Q— CN with
u € H} _(Q) and satisfies |Ou| < V/|u| for some V € L2 (). If u vanishes
to infinite order at zg € 0, then u vanishes identically.
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Main theorem
Theorem (Pan-Z., preprint 2022)

Let Q be a domain in C. Suppose u = (ui,...,uy) : Q — CN with

u € HL_(Q) and satisfies |0u| < V|u| for some V € L2 (Q). If u vanishes

loc
to infinite order at zg € 0, then u vanishes identically.

Example

For0<e<%, let
€

) = )

on D%. Then V € L2(D%). Then |[Ou| = V/|u| has no nontrivial flat
solution.
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Main theorem
Theorem (Pan-Z., preprint 2022)

Let 2 be a domain in C. Suppose u = (u1,...,uy): Q— CN with
u € H} _(Q) and satisfies |Ou| < V/|u| for some V € L2 (). If u vanishes

to infinite order at zg € 0, then u vanishes identically.

Example

For0<e<%, let
€

Y = e il
on D%. Then V € L2(D%). Then |[Ou| = V/|u| has no nontrivial flat
solution.
o up(z) = e~ (=Mnl2l)" ¢ Hl(D%) and satisfies |Ou| = V/|u| on D%.
However, ug is not flat anywhere on D%.

o V¢ LP(D%) for any p > 2.
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Weak UCP in C",n > 2

Theorem

Let Q be a domain in C". Suppose u = (u1,...,uy): Q— CN with
u € H;, () and satisfies |0u| < V|u| for some V € L2 (). If u vanishes
in an open subset of 0, then u vanishes identically.
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Weak UCP in C",n > 2

Theorem

Let Q be a domain in C". Suppose u = (u1,...,uy): Q— CN with
u € H;, () and satisfies |0u| < V|u| for some V € L2 (). If u vanishes
in an open subset of 0, then u vanishes identically.

Remark: 1. The weak UCP fails for |0u| < V/|u| if the potential V is at
most LP . p < 2.

Example (Mandache, Comm. Anal. Geom. 2002)

For each 0 < p < 2, there exist nontrivial u € C2°(C?), V € LP(C?) such
that u satisfies |Ou| < V/|u| on C2.
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Weak UCP in C",n > 2

Theorem

Let Q be a domain in C". Suppose u = (u1,...,uy): Q— CN with
u € H;, () and satisfies |0u| < V|u| for some V € L2 (). If u vanishes
in an open subset of 0, then u vanishes identically.

Remark: 1. The weak UCP fails for |0u| < V/|u| if the potential V is at
most LP . p < 2.

Example (Mandache, Comm. Anal. Geom. 2002)

For each 0 < p < 2, there exist nontrivial u € C2°(C?), V € LP(C?) such
that u satisfies |Ou| < V/|u| on C2.

2. The weak UCP for |Au| < V|Vu| holds with V & LE™2 [Wolff, Geom.
Funct. Anal, 1992], and fails with V € LP(Q), p < dimgQ. [Koch-Tataru,
Crelles Jour, 2002].
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Proof of the main theorem

Lemma 1
Let u € HY(C) has compact support. Then for almost every z € C,
) _
u(z) = —/ 8u—(odvc.
™ Jc £ — C

If in addition that u vanishes near 0, then for any m > 0,

du(¢
/(c CLI;(-i-l) dVC =0.
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Proof of the main theorem, continued
The Riesz fractional integral of f of order 1 is
Ilf(Z): K_(_C)‘dc, zeC.
L2,(2) with respect to a given V(> 0) on  C C is the collection of all
functions f on 2 such that

1Flliz o) : (/|f VRV dvz> <.

Lemma 2 (Weighted Hardy-Littlewood-Sobolev inequality)
Let V € L2(C). Then there exists a universal constant C such that for any
f € L%/*l(c)v

Ihfllzc) < ClVilglfie

v—1 (C)
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Proof of the main theorem, continued
The Riesz fractional integral of f of order 1 is
Ilf(Z) = K (_C)‘d Ve, zeC.
L2,(2) with respect to a given V(> 0) on  C C is the collection of all
functions f on 2 such that

1Flliz o) : (/|f VRV dvz> <.

Lemma 2 (Weighted Hardy-Littlewood-Sobolev inequality)

Let V € L2(C). Then there exists a universal constant C such that for any
f E L%/*l(c)l
1hfllz ) < ClIVIIz@lflle

—1

Remark: If V € LP(C),p > 2, then by Holder inequality,
Ihfllz o) < G ||V||LP(D1)||f”L2 oy forall fe L3, +(D).

Y. Zhang (PFW) Unique continuations 13 /20



Proof of the main theorem, continued

Assume v is flat at z = 0.

@ Choose n € C°(C) such that n=1o0n D,; 0 <y <1land |Vp <2
on Dy, \ Dy; n = 0 outside D»,.
o Let ¢ € C*°(C) be such that ¢y =0in D1; 0 < ¢ <1and |Vy| <2
on D, \ Dy; ¢ = 1 outside Dy. Let 9 (z) = ¢(kz),z € C, k > 2.
= xnu € HY(C) and is supported inside Dy, \ D%.
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Proof of the main theorem, continued

Assume u is flat at z = 0.
@ Choose n € C°(C) such that n=1o0n D,; 0 <y <1land |Vp <2
on Dy, \ Dy; n = 0 outside D»,.
o Let ¢ € C*°(C) be such that ¢y =0in D1; 0 < ¢ <1and |Vy| <2
on D, \ Dy; ¢ = 1 outside Dy. Let 9 (z) = ¢(kz),z € C, k > 2.
= xnu € HY(C) and is supported inside Dy, \ D%.

On Dy,
3 2
@ =5 | [ HHOuD) o
1 1 m—1 ZI _ 2
— /C ( <t <'+> J (e (Om(C)u(C)) dve
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Proof of the main theorem, continued

[Uk(2)Pu(2) |,

’2‘2’"

/(z— +ZC/+1> (k(Om(Q)u(C)) dve

(z)dv,
Dy

1 / 1
7.‘-2 D, |z‘2m
m

Apply i—i—lz_;glzﬂ :Cm(z—C)’ forall ( #2,0. =

A <|a(¢knu) |) i

|- |m 12(C)

2
V(z)dv;.

S_

3

A

d 2n(2)u(2)) |? dv,
SF”VH%Z(Dr)/(c’ (el |)zn’gm) =) V(z)
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Proof of the main theorem, continued

Let r << 1 such that HV||L2(D) and V > C, on Dy,.
2 2
R
D, |z[>m
L BnP@P 1 [ @PouE)R
“2Jc  |z2PmV(2) 2Jp,  12P"V(2)

1 3 (n(2)u(2) P
"3 /Dz,\o, ZPmv(z) O

/ |¢k(z)|2|u(2)|2 V(Z)de

|Z|2m

B ()P
S[c 2127V (2) d”/Dz,\D, 277V (z)
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Proof of the main theorem, continued

Note that

: 00k (2)Plu2)P
k'L";o/C vz 0
Indeed,

@ Oty is supported on D% \ D%, and |V | = k;

e V>C(C on D%(c D,).

=
LG O
z = z
C |z|2’"V(z) %<|z|<% |Z|2mCr
k2m+2
< / lu(2)Rdvs — 0
Cf |z|<%

as k — oo.
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Proof of the main theorem, continued

Let kK — oo. Then for each me Z+,

u(2) P@uE)E
/ ZPm V(Z)C’Vz—/pz,\o, V() O

L PV < b
p [, WAV <

Dy r2™ | py\D; V(z2)

0 (n(2)u(2) 2

o2m /D () PV (2)dv, < EulBo, )
%

Letting m — oo, we have u =0 on D:.
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Further remarks when V = é

Note that | | ¢ L2 (C).

Remarks:
@ The strong UCP holds for [Ou| < V|u|if n=N=1and V = |%
(Pan, Comm PDE. 1992).
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Further remarks when V = é

Note that T | ¢ L2 (C).

Remarks:

@ The strong UCP holds for [Ou| < V|u|if n=N=1and V = |%
(Pan, Comm PDE. 1992).

@ The strong UCP fails for V = é when N =2 and C is large.

(Alinhac-Baouendi, Duke Math J. 1990) and (Pan-Wolff, J. Geom
Anal 1998).
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Thanks!
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